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 ʂʦʥʪʨʦʣʴʥʦ-ʢʫʨʩʦʚʘʷ ʨʘʙʦʪʘ     

 ʕʢʟʘʤʝʥ     

 ʀʪʦʛʦ ʚʦ II ʩʝʤʝʩʪʨʝ 30 32 46 108 

 ɺʩʝʛʦ 62 66 88 216 
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ʥʦʡ ʨʘʙʦʪʳ 

1. 2 ʕʣʝʤʝʥʪʳ ʣʠʥʝʡʥʦʡ ʘʣʛʝʙʨʳ ʠ 

ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ. 

2 2 24 28 

2. 2 ɺʚʝʜʝʥʠʝ ʚ ʘʥʘʣʠʟ.  2 22 24 

3.  ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ. 2 2 24 28 

4.  ʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ. 2 2 24 28 

 ɿʘʯʝʪ     

 ʀʪʦʛʦ ʚ I ʩʝʤʝʩʪʨʝ 6 8 94 108 

5.  ʌʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ. 2  18 20 

6.  ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ.  2 18 20 

7.  ʈʷʜʳ.  2 18 20 

8. 9 ʊʝʦʨʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ. 2 2 20 24 

9.  ʄʘʪʝʤʘʪʠʯʝʩʢʘʷ ʩʪʘʪʠʩʪʠʢʘ. 2 2 20 24 

 ʂʦʥʪʨʦʣʴʥʦ-ʢʫʨʩʦʚʘʷ ʨʘʙʦʪʘ     

 ʕʢʟʘʤʝʥ     

 ʀʪʦʛʦ ʚʦ II ʩʝʤʝʩʪʨʝ 6 8 94 108 

 ɺʩʝʛʦ 12 16 188 216 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʠʩʪʝʤʘ ʨʘʚʥʦʩʠʣʴʥʘ ʩʠʩʪʝʤʝ 
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ʅʘʭʦʜʠʤ 53=x  

      7
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3
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      057121 =--=x  

ʆʪʚʝʪ: 01=x , 72 -=x , 53=x  

ʇʨʠ ʨʝʰʝʥʠʠ ʚʩʝʤʠ ʤʝʪʦʜʘʤʠ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʩʠʩʪʝʤʳ, ʤʳ ʧʦʣʫʯʠʤ ʦʜʠʥ ʦʪʚʝʪ. 

 

ɿʘʜʘʯʘ 3. ɺʳʧʦʣʥʠʪʴ ʜʝʡʩʪʚʠʷ: 
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ʈʝʰʝʥʠʝ. ɺʳʧʦʣʥʠʤ ʨʝʰʝʥʠʝ ʧʦ ʜʝʡʩʪʚʠʷʤ.  
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ʆʪʚʝʪ: 

ö
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ö

÷

õ

æ
æ
æ

ç

å
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21100

. 

ʆʧʝʨʘʮʠʷ ʫʤʥʦʞʝʥʠʷ ʜʚʫʭ ʤʘʪʨʠʮ ʚʚʦʜʠʪʩʷ ʪʦʣʴʢʦ ʜʣʷ ʩʣʫʯʘʷ, ʢʦʛʜʘ ʯʠʩʣʦ ʩʪʦʣʙʮʦʚ 

ʧʝʨʚʦʡ ʤʘʪʨʠʮʳ ʨʘʚʥʦ ʯʠʩʣʫ ʩʪʨʦʢ ʚʪʦʨʦʡ ʤʘʪʨʠʮʳ. 

ɽʩʣʠ ( )ijnm aA =³ , ( )jkpn bB =³ , ʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʤʘʪʨʠʮʳ pnnm BA ³³ Ö  ʥʘʟrʚʘʝʪʩʷ 

ʤʘʪʨʠʮʘ ( )ikpm cC =³ , ʪʘʢʘʷ, ʯʪʦ nkinkikiik bababac +++= ...2211 , ʛʜʝ ( ) ( )pkmi ,,, 11 == . 

ʇʨʠʤʝʨ: öö
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ʇʨʦʠʟʚʝʜʝʥʠʝ BÖA ʥʝ ʦʧʨʝʜʝʣʝʥʦ, ʪʘʢ ʢʘʢ ʯʠʩʣʦ ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳ ɸ (3) ʥʝ ʩʦʚʧʘʜʘʝʪ ʩ 

ʯʠʩʣʦʤ ʩʪʨʦʢ ʤʘʪʨʠʮʳ ɺ (2). 

ʇʨʦʠʟʚʝʜʝʥʠʝ ABÖ  ʦʧʨʝʜʝʣʝʥʦ. 
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ʊɽʄɸ 1. ʕʣʝʤʝʥʪʳ ʣʠʥʝʡʥʦʡ ʘʣʛʝʙʨʳ ʠ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ.  

2. ɺʝʢʪʦʨʥʘʷ ʘʣʛʝʙʨʘ 

 

1. ʃʠʥʝʡʥʳʝ ʜʝʡʩʪʚʠʷ ʥʘʜ ʚʝʢʪʦʨʘʤʠ (ʩʣʦʞʝʥʠʝ, ʚʳʯʠʪʘʥʠʝ, ʫʤʥʦʞʝʥʠʝ ʥʘ ʯʠʩʣʦ). 

2. ʅʝʣʠʥʝʡʥʳʝ ʜʝʡʩʪʚʠʷ ʩ ʚʝʢʪʦʨʘʤʠ (ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ, ʚʝʢʪʦʨʥʦʝ 

ʧʨʦʠʟʚʝʜʝʥʠʝ, ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ). 

3. ʈʝʰʝʥʠʝ ʟʘʜʘʯ ʩ ʧʦʤʦʱʴʶ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ. ʋʩʣʦʚʠʝ ʢʦʣʣʠʥʝʘʨʥʦʩʪʠ, ʫʩʣʦʚʠʝ 
ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ, ʫʩʣʦʚʠʝ ʢʦʤʧʣʘʥʘʨʥʦʩʪʠ ʚʝʢʪʦʨʦʚ. 
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ɿʘʜʘʥʠʝ 1: ʂʦʣʣʠʥʝʘʨʥʳ ʣʠ ʚʝʢʪʦʨʳ 
1c  ʠ 2c , ʨʘʟʣʦʞʝʥʥʳʝ ʧʦ ʚʝʢʪʦʨʘʤ a  ʠ b, ʛʜʝ 

{ } { }1 25 3 , 4 , 2; 1;5 , 7;1; 3 .c a b c a b a b= + = + = - = - 

ʈʝʰʝʥʠʝ: 

1. ɺʳʯʠʩʣʠʤ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ 
1 2,c c  ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ: 

 ( ) ( ){ } { }1 5 3 5 2 3 7;5 1 3 1;5 5 3 3 31; 2;16 ,c a b= + = Ö + Ö Ö - + Ö Ö + Ö - = - 

 ( ) ( ){ } { }2 4 4 2 7;4 1 1;4 5 3 15; 3;17c a b= + = Ö + Ö - + Ö + - = - 

2. ɼʚʘ ʚʝʢʪʦʨʘ ʢʦʣʣʠʥʝʘʨʥʳ, ʝʩʣʠ ʠʭ ʧʨʦʝʢʮʠʠ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʦʚʝʨʠʤ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ ʧʨʦʝʢʮʠʡ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ: 

 1
1 2

2

31 2 16
, ,

15 3 17

c
c c

c

-
= ¸ ¸ Ý

-
 ʥʝ ʢʦʣʣʠʥʝʘʨʥʳ. 

 

ɿʘʜʘʥʠʝ 2: ʇʝʨʧʝʥʜʠʢʫʣʷʨʥʳ ʣʠ ʚʝʢʪʦʨʳ { } { }7;1;2 , 3;2; 1a b= - = -? 

ʈʝʰʝʥʠʝ: ɼʚʘ ʚʝʢʪʦʨʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ , ʝʩʣʠ ʠʭ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʚʥʦ 

0,ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ, ʟʘʜʘʥʥʳʭ ʧʨʦʝʢʮʠʷʤʠ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ, ʚʳʯʠʩʣʷʝʪʩʷ 

ʧʦ ʬʦʨʤʫʣʝ:( ), x x y y z za b a b a b a b= Ö + Ö + Ö, ʛʜʝ { } { }; ; , ; ;x y z x y za a a a b b b b= = Ý  ʚʳʯʠʩʣʠʤ 

ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ: 

( ) ( ), 7 3 1 2 2 1 21 0a b =- Ö + Ö + Ö - =- ¸ Ýʚʝʢʪʦʨʳ ʥʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ. 

 

ɿʘʜʘʥʠʝ 3: ʂʦʤʧʣʘʥʘʨʥʳ ʣʠ ʚʝʢʪʦʨʳ { } { } { }1;2; 1 , 0;2;1 , 2;0;3a b c= - - = = ? 

ʈʝʰʝʥʠʝ: ʊʨʠ ʚʝʢʪʦʨʘ ʢʦʤʧʣʘʥʘʨʥʳ, ʝʩʣʠ ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʨʘʚʥʦ 0, 

ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

x y z

x y z

x y z

a a a

abc b b b

c c c

= , 

ʛʜʝ{ } { } { }; ; , ; ; , ; ;x y z x y z x y za a a a b b b b c c c c= = = Ýʚʳʯʠʩʣʠʤ ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʚʝʢʪʦʨʦʚ: 

( )

1 2 1

0 2 1 6 4 0 4 0 0 2 0

2 0 3

abc

- -

= =- + + - - - - = ¸ Ýʚʝʢʪʦʨʳ ʥʝ ʢʦʤʧʣʘʥʘʨʥʳ. 

 

ɿʘʜʘʥʠʝ 4: ʇʨʠ ʢʘʢʦʤ ʟʥʘʯʝʥʠʠ a ʚʝʢʪʦʨʳ , ,AB AC  ʛʜʝ ( ) ( ) ( )2;1; , 3;1;4 , 2;5;3 .A B Ca , 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ? 

ʈʝʰʝʥʠʝ:  

1) ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ a, ʧʨʠ ʢʦʪʦʨʦʤ ʚʝʢʪʦʨʳ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ, ʥʝʦʙʭʦʜʠʤʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʫʩʣʦʚʠʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ ʜʚʫʭ ʚʝʢʪʦʨʦʚ (ʵʪʦ ʫʩʣʦʚʠʝ ʙʳʣʦ ʨʘʩʩʤʦʪʨʝʥʦ ʚ ʟʘʜʘʥʠʠ 2) 

Ýa ʤʳ ʩʤʦʞʝʤ ʥʘʡʪʠ ʠʟ ʫʩʣʦʚʠʷ: ( ), 0AB AC = , ʜʣʷ ʵʪʦʛʦ ʥʘʡʜʝʤ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ 

AB  ʠ AC  ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ, ʟʘʜʘʥʥʳʭ ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʝʢ ʥʘʯʘʣʘ ʠ ʢʦʥʮʘ ʚʝʢʪʦʨʘ. ɺ 

ʵʪʦʤ ʩʣʫʯʘʝ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʘ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ ʨʘʚʥʳ ʨʘʟʥʦʩʪʠ ʢʦʦʨʜʠʥʘʪ ʪʦʯʝʢ, 

ʟʘʜʘʶʱʠʭ ʢʦʥʝʮ ʠ ʥʘʯʘʣʦ ʚʝʢʪʦʨʘ Ý  

{ } { } { } { }3 2;1 1;4 1;0;4 , 2 2;5 1;3 0;4;3AB ACa a a a= - - - = - = - - - = -Ý  



 

( ) ( )( ) ( )( ) ( ), 1 0 0 4 4 3 0 0 4 3 (4 ) 3 0 4, 3.AB AC a a a a a a a a= Ö + Ö + - Ö - = + + - Ö - = - Ö - = Ý = =

ʀʪʘʢ: ʚʝʢʪʦʨʳ AB  ʠ AC  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ ʧʨʠ 4a=  ʠ ʧʨʠ 3.a=   

 

ɿʘʜʘʥʠʝ 5: ɼʘʥʳ ʪʦʯʢʠ: ( ) ( ) ( )1;0; 1 , 0;1;3 , 2;0;1 .A B C-  

ʅʘʡʪʠ: 

1. ʧʨ
( )

( )2 3
AB CB

AC CB
+

+ ; 

2.  4AB BC+ ; 

3.  ( ),AB CB ABÏ - ; 

4. ʦʨʪ ʚʝʢʪʦʨʘ AB ; 

5.  ( )( )( )4 ,AB BC BA AC+ - ; 

6. ( )( )2 ,AB BC CB ABè ø+ -
ê ú

; 

7. ;AB BC ACÖ Ö  

 ʈʝʰʝʥʠʝ: 

1. ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʧʨʦʝʢʮʠʶ ʚʝʢʪʦʨʘ ʥʘ ʚʝʢʪʦʨ 

ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦ ʬʦʨʤʫʣʝ: ʧʨ
( ),

,
BC

AB BC
AB

BC
=  ʛʜʝ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ 

ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: ( ), ,x x y y z za b a b a b a b= Ö + Ö + Öʛʜʝ { } { }; ; , ; ; ,x y z x y za a a a b b b b= =  ʠ 

ʜʣʠʥʘ ʚʝʢʪʦʨʘ:
2 2 2

yx za a a a= + + Ý ʠʪʘʢ ,ʚ ʥʘʰʝʤ ʩʣʫʯʘʝ, ʬʦʨʤʫʣʘ ʧʨʠʥʠʤʘʝʪ 

ʚʠʜ: ( )
( )( )( )

( )

2 3 ,
2 3

AB CB

AC CB AB CB
ʧʨ AC CB

AB CB
+

+ +
+ =

+
 Ý  ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ 

( )( )2 3
AB CB

ʧʨ AC CB
+

+  ʥʝʦʙʭʦʜʠʤʦ ʥʘʡʪʠ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ, ʟʘʜʘʥʥʳʭ 

ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʝʢ ʥʘʯʘʣʘ ʠ ʢʦʥʮʘ ʚʝʢʪʦʨʦʚ, ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʠ ʜʣʠʥʫ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʚʝʢʪʦʨʘ: 

 

( ){ } { } { } { }

( ){ } { }

( )( ){ } { }

{ } { } ( ){ } { }

( ){ } { }

( )( )( ) ( )

0 1;1 0;3 1 1;1;4 , 0 2;1 0;3 1 2;1;2 ,

2 1;0 0;1 1 1;0;2 ,

1 2 ;1 1;4 2 3;2;6 ,

2 2 1;2 0;2 2 2;0;4 ,3 3 2 ;3 1;3 2 6;3;6 ,

2 3 2 6 ;0 3;4 6 4;3;10 ,

, 2 3 3

AB CB

AC

AB CB

AC CB

AC CB

AB CB AC CB

= - - - - = - = - - - = -

= - - - - =

+ = - + - + + = -

= Ö Ö Ö = = Ö - Ö Ö = -

+ = + - + + = -

+ + = - Ö -( )

( )
2 2 2

4 2 3 6 10 12 6 60 78,

3 2 6 9 4 36 49 7AB CB

+ Ö + Ö = + + =

+ = - + + = + + = = Ý

 

 ʥʘ ʦʩʥʦʚʘʥʠʠ ʬʦʨʤʫʣʳ, ʚʳʰʝ ʥʘʧʠʩʘʥʥʦʡ, ʧʦʣʫʯʠʤ : 

 
( )( )

( )( )( )
( )

2 3 , 78
2 3

7AB CB

AC CB AB CB
ʧʨ AC CB

AB CB
+

+ +
+ = =

+
  

 Ýʧʨ
( )

( )
78

2 3
7AB CB

AC CB
+

+ = ; 

 



 

2. ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʜʣʠʥʳ ʚʝʢʪʦʨʘ ʚʦʩʧʦʣʴʟʫʝʤʩʷ 

ʬʦʨʤʫʣʦʡ: { }2 2 2
, ; ;x y z x y za a a a a a a a= + + = , ʜʣʷ ʵʪʦʛʦ ʥʘʡʜʝʤ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ 

ʢʦʦʨʜʠʥʘʪ (ʩʤʦʪʨʠ ʧʫʥʢʪ 1), ʪʘʢ ʞʝ ʥʘʡʜʝʤ ʩʫʤʤʫ ʚʝʢʪʦʨʦʚ ʧʦ ʧʨʘʚʠʣʫ ʩʣʦʞʝʥʠʷ 

ʚʝʢʪʦʨʦʚ, ʟʘʜʘʥʥʳʭ ʧʨʦʝʢʮʠʷʤʠ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ: 

 

( ){ } { } { } { }

( ) ( ){ } { }

( ) ( ){ } { }

0 1;1 0;3 1 1;1;4 , 2 0;0 1;1 3 2; 1; 2 ,

4 4 2;4 1 ;4 2 8; 4; 8 ,

4 1 8;1 4 ;4 8 7; 3; 4

AB BC

BC

AB BC

= - - - - = - = - - - = - -

= Ö Ö - Ö - = - -

+ = - + + - + - = - -

 

Ý  ( ) ( )
2 224 7 3 4 49 9 16 74AB BC+ = + - + - = + + =; 

ʀʪʘʢ:4 74.AB BC+ =  

3. ʋʛʦʣ ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ ʤʦʞʥʦ ʥʘʡʪʠ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʩʢʘʣʷʨʥʦʛʦ 

ʧʨʦʠʟʚʝʜʝʥʠʷ:( ) ( ) ( )
( ),

, cos , , cos
a b

a b a b a b a b arc
a b

= Ö Ö Ï ÝÏ = Ý
Ö

 ʚ ʥʘʰʝʤ ʩʣʫʯʘʝ 

ʬʦʨʤʫʣʘ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: ( )( )
( )( ),

, arccos
AB CB AB

AB CB AB
AB CB AB

-
Ï - =

- Ö
 Ý  ʥʘʭʦʜʠʤ 

ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ (ʩʤʦʪʨʠ ʧʫʥʢʪʳ 1 ʠ 2), ʚʳʯʠʩʣʷʝʤ ʩʢʘʣʷʨʥʦʝ 

ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ, ʟʘʜʘʥʥʳʭ ʩʚʦʠʤʠ ʧʨʦʝʢʮʠʷʤʠ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ, ʚʳʯʠʩʣʷʝʤ 

ʜʣʠʥʳ ʚʝʢʪʦʨʦʚ: 

 

( ){ } { } { } { }

( )( ){ } { }

( )( ) ( )

( )

2 2 2

2 2 2

0 1;1 0;3 1 1;1;4 , 0 2;1 0;3 1 2;1;2 ,

1 2 ;1 1;4 2 1;0;2 ,

, 1 1 0 1 2 4 7,

1 0 2 1 0 4 5,

1 1 4 1 1 16 18

AB CB

AB CB

AB CB AB

AB CB

AB

= - - - - = - = - - - = -

- = - - - - - =

- = Ö - + Ö + Ö =

- = + + = + + =

= - + + = + + =

 

Ý  

( )( )
( )( ), 7 7 7

, arccos arccos arccos arccos ;
5 18 5 3 2 3 10

AB CB AB
AB CB AB

AB CB AB

-
Ï - = = = =

Ö Ö- Ö

ʀʪʘʢ ( )( ) 7
, arccos .

3 10
AB CB ABÏ - =  

4. ʅʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ aʦʧʨʝʜʝʣʷʝʪʩʷ ʫʛʣʘʤʠ , ,a b g, ʦʙʨʘʟʦʚʘʥʥʳʤʠ ʠʤ ʩ ʦʩʷʤʠ 

ʢʦʦʨʜʠʥʘʪ , , .Ox Oy Oz ʂʦʩʠʥʫʩʳ ʵʪʠʭ ʫʛʣʦʚ (ʥʘʧʨʘʚʣʷʶʱʠʝ ʢʦʩʠʥʫʩʳ ʚʝʢʪʦʨʘ) 

ʦʧʨʝʜʝʣʷʶʪʩʷ ʧʦ ʬʦʨʤʫʣʘʤ: 

2 2 2 2 2 2 2 2 2
cos ,cos ,cos .

y yx x z x

x y z x y z x y z

a aa a a a

a a aa a a a a a a a a
a b g= = = = = =

+ + + + + +
 

ʅʘʧʨʘʚʣʷʶʱʠʝ ʢʦʩʠʥʫʩʳ ʚʝʢʪʦʨʘ ʩʚʷʟʘʥʳ ʩʦʦʪʥʦʰʝʥʠʝʤ 2 2 2cos cos 1cosa b g+ + = Ýʤʳ 

ʠʤʝʝʤ ʚʝʢʪʦʨ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ, ʪʘʢʦʡ ʚʝʢʪʦʨ ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʤ Ý  ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʦʨʪʘ 

ʚʝʢʪʦʨʘ ʥʝʦʙʭʦʜʠʤʦ ʢʘʞʜʫʶ ʧʨʦʝʢʮʠʶ ʚʝʢʪʦʨʘ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ ʨʘʟʜʝʣʠʪʴ ʥʘ ʝʛʦ ʜʣʠʥʫ 

Ý
( ){ } { }

( )
2 2 2

0 1;1 0;3 1 1;1;4 ,

1 1 4 1 1 16 18 3 2

AB

AB

= - - - - = -

= - + + = + + = =
Ýʦʨʪ ʚʝʢʪʦʨʘ 

1 1 4
; ;

3 2 3 2 3 2
AB

ë û
= -ì ü
í ý

. 



 

ʀʪʘʢ: ʦʨʪ ʚʝʢʪʦʨʘ
1 1 4

; ; .
3 2 3 2 3 2

AB
ë û
= -ì ü
í ý

  

 5. ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʚʳʯʠʩʣʷʝʤ ʧʦ ʬʦʨʤʫʣʝ: 

( ) { } { }, , ; ; , ; ;x x y y z z x y z x y za b a b a b a b a a a a b b b b= Ö + Ö + Ö = =(ʩʤ. ʧʫʥʢʪʳ 1 ʠ 2), ʚʳʯʠʩʣʠʤ 

ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ ʠ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ : 

 

( ){ } { } { } { }

( ) ( ){ } { }

( ) ( ){ } { }

( )( )( ) ( ){ } { } ( ){ } { }

{ } { }

0 1;1 0;3 1 1;1;4 , 2 0;0 1;1 3 2; 1; 2 ,

4 4 2;4 1 ;4 2 8; 4; 8 ,

4 1 8;1 4 ;4 8 7; 3; 4 ,

1 1 ; 1 1; 1 4 1; 1; 4 , 2 1;0 0;1 1 1;0;2 ,

1 1; 1 0; 4 2 0; 1; 6

4

AB BC

BC

AB BC

BA AB AC

BA AC

AB B

= - - - - = - = - - - = - -

= Ö Ö - Ö - = - -

+ = - + + - + - = - -

=- = - Ö - - Ö - Ö = - - = - - - - =

- = - - - - - = - - Ý

+( )( )( ) ( )( )( )( ), 7 0 3 1 4 6 0 3 24 27;C BA AC- = Ö + - Ö - + - Ö - = + + =

 

 ʀʪʘʢ: ( )( )( )4 , 27;AB BC BA AC+ - =  

6. ɺʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ:  

 , x y z

y y z

i j k

a b a a a

b b b

è ø=ê ú , ʛʜʝ{ } { }; ; , ; ;x y z x y za a a a b b b b= = Ý  

ʅʘʭʦʜʠʤ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ: 

( ){ } { } { } { }

( ) ( ){ } { }

( ) ( ){ } { } { } { }

( ){ } { }

( )( )

0 1;1 0;3 1 1;1;4 , 2 0;0 1;1 3 2; 1 2 ,

2 2 2;2 1 ;2 2 4; 2; 4 ,

2 1 4;1 2 ;4 4 3; 1;0 , 0 2;1 0;3 1; 2;1;2 ,

2 1 ;1 1;2 4 1;0; 2

2 , 3 1 0

1 0 2

AB BC

BC

AB BC CB

CB AB

i j k

AB BC CB AB i

= - - - - = - = - - - = - -

= Ö Ö - Ö - = - -

+ = - + + - + - = - = - - - = -

- = - - - - - = - - Ý

è ø+ - = - = Ö -
ê ú

- -

( )( ) ( ) ( )( )

( )

1 2 0 1 3 0 1 1

0 0 2 3

2 0 0 0 6 2 6 .

j k k

i j

i j k k i j i j k

Ö - + Ö Ö - + Ö Ö - Ö - Ö - -

Ö Ö - Ö - Ö =

+ - - - + = + -

 

ʀʪʘʢ: ( )( )2 , 2 6 .AB BC CB AB i j kè ø+ - = + -
ê ú

 

7. ʉʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 



 

x y z

x y z

x y z

a a a

a b c b b b

c c c

Ö Ö = , ʛʜʝ { } { } { }; ; , ; ; , ; ;x y z x y z x y za a a a b b b b c c c c= = = Ý 

( ){ } { } { } { }

( ){ } { }

( )( ) ( ) ( ) ( )( )

( ) ( )

0 1;1 0;3 1 1;1;4 , 2 0;0 1;1 3 2; 1; 2 ,

2 1;0 0;1 1 1;0;2 ,

1 1 4

2 1 2 1 1 2 1 1 2 2 0 4 1 1 4 0 2 1 2 1 2

1 0 2

2 2 0 4 0 4 2 2 4 4 0;

AB BC

AC

AB BC AC

= - - - - = - = - - - = - -

= - - - - =

-

Ö Ö = - - = - Ö - Ö + Ö Ö - + Ö Ö - Ö - Ö - Ö - Ö - - Ö Ö =

= + - + - - - - = - + - =

ʀʪʘʢ: 0.AB BC ACÖ Ö = 

 

ɿʘʜʘʥʠʝ 6: ɼʘʥʳ ʢʦʦʨʜʠʥʘʪʳ ʚʝʨʰʠʥ ʧʠʨʘʤʠʜʳ:  

( ) ( ) ( ) ( )1;4;3 , 2;3;1 , 2;1;3 , 0;1;2 .A B C D-  

ɺʳʯʠʩʣʠʪʴ: 

1. ʦʙʲʝʤ ʧʠʨʘʤʠʜʳ; 

2. ʜʣʠʥʫ ʨʝʙʨʘ AB ; 

3. ʧʣʦʱʘʜʴ ʛʨʘʥʠ ABC; 

ʈʝʰʝʥʠʝ: 

1. ʆʙʲʝʤ ʧʠʨʘʤʠʜʳ ʨʘʚʝʥ 
1

6
 ʦʙʲʝʤʘ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, ʘ ʦʙʲʝʤ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ 

ʚʳʯʠʩʣʷʝʪʩʷ ʥʘ ʦʩʥʦʚʘʥʠʠ ʛʝʦʤʝʪʨʠʯʝʩʢʦʛʦ ʩʤʳʩʣʘ ʩʤʝʰʘʥʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷÝ  ʦʙʲʝʤ  

ʧʘʨʘʣʣʝʣʠʧʠʧʝʜʘ, ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ ʢʘʢ ʥʘ ʨʝʙʨʘʭ ʨʘʚʝʥ: 

{ } { } { }, ; ; , ; ; , ; ; ,x y z x y z x y zV a b c a a a a b b b b c c c c= Ö Ö = = =  

ʅʘʡʜʝʤ ʧʨʦʝʢʮʠʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ ʢʦʦʨʜʠʥʘʪ: 

{ } { } { } { }

{ } { }

2 1;3 4;1 3 1; 1; 2 , 2 1;1 4;3 3 3; 3;0 ,

0 1;1 4;2 3 1; 3; 1 ,

AB AC

AD

= - - - = - - = - - - - = - -

= - - - = - - -
 

ʊʦʛʜʘ ʦʙʲʝʤ ʧʠʨʘʤʠʜʳ ʨʘʚʝʥ: 

1

6
V AB AC AD= Ö Ö  

ɺʳʯʠʩʣʠʤ ʦʙʲʝʤ ʧʦ ʫʢʘʟʘʥʥʦʡ ʬʦʨʤʫʣʝ: 

 

1 1 2
1 1 1

3 3 0 3 0 18 6 0 3 6 1
6 6 6

1 3 1

V

- -

= - - = + - + - + = - =

- - -

; 

2. ɼʣʠʥʘ ʨʝʙʨʘ  

{ } { }2 1;3 4;1 3 1; 1; 2AB AB AB= Ý = - - - = - - Ý 

 ( ) ( )
2 221 1 2 6AB= + - + - =; (ʩʤʦʪʨʠ ʧʫʥʢʪ 5,3) 

3. ʇʣʦʱʘʜʴ ʛʨʘʥʠ ABC ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

1
,

2
ABCS AB ACè ø= ê ú ʪʘʢ ʢʘʢ ʛʨʘʥʴ ABC- ʪʨʝʫʛʦʣʴʥʠʢ, ʘ ʧʣʦʱʘʜʴ ʪʨʝʫʛʦʣʴʥʠʢʘ ʤʦʞʥʦ 

ʚʳʯʠʩʣʠʪʴ ʢʘʢ ʧʦʣʦʚʠʥʫ ʧʣʦʱʘʜʠ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ, ʘ ʧʣʦʱʘʜʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʨʘʚʥʘ 

ʜʣʠʥʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʚʝʢʪʦʨʦʚ, ʥʘ ʢʦʪʦʨʳʭ ʧʦʩʪʨʦʝʥ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤ ʥʘ 



 

ʦʩʥʦʚʘʥʠʠ ʩʚʦʡʩʪʚ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ Ý  ʥʘʡʜʝʤ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʦʚ ʥʘ ʦʩʠ 

ʢʦʦʨʜʠʥʘʪ: 

{ } { } { } { }2 1;3 4;1 3 1; 1; 2 , 2 1;1 4;3 3 3; 3;0AB AC= - - - = - - = - - - - = - - 

Ý  
1 1

1 1 2 6 6 6
2 2

3 3 0

ABC

i j k

S i j k= - - = - + -

- -

1 6
36 36 36 3 3 3

2 2
= + + = =; 

ʊɽʄɸ 1. ʕʣʝʤʝʥʪʳ ʣʠʥʝʡʥʦʡ ʘʣʛʝʙʨʳ ʠ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ. 

3. ɸʥʘʣʠʪʠʯʝʩʢʘʷ ʛʝʦʤʝʪʨʠʷ 

 

1. ʋʨʘʚʥʝʥʠʷ ʣʠʥʠʠ ʚ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ. 

2. ʇʘʨʘʤʝʪʨʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʣʠʥʠʠ. 

3. ʇʣʦʩʢʦʩʪʴ, ʧʨʷʤʘʷ ʥʘ ʧʣʦʩʢʦʩʪʠ ʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ. 

4. ʃʠʥʠʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. 

 

ʉʇʀʉʆʂ ʃʀʊɽʈɸʊʋʈʓ 
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ɿʘʜʘʯʘ ˉ1. 

ɼʘʥʳ ʪʨʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʝ ʚʝʨʰʠʥʳ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ɸ(2;-3), ɺ(5;1),ʉ(3;-4). ʅʝ 

ʥʘʭʦʜʷ ʢʦʦʨʜʠʥʘʪʳ ʚʝʨʰʠʥʳ D, ʥʘʡʪʠ: 

1) ʫʨʘʚʥʝʥʠʝ ʩʪʦʨʦʥʳ AD; 

2) ʫʨʘʚʥʝʥʠʝ ʚʳʩʦʪʳ BK, ʦʧʫʱʝʥʥʦʡ ʠʟ ʚʝʨʰʠʥʳ ɺ ʥʘ ʩʪʦʨʦʥʫ AD; 

3) ʜʣʠʥʫ ʚʳʩʦʪʳ BK; 

4) ʫʨʘʚʥʝʥʠʝ ʜʠʘʛʦʥʘʣʠ BD; 

5) ʪʘʥʛʝʥʩ ʫʛʣʘ ʤʝʞʜʫ ʜʠʘʛʦʥʘʣʷʤʠ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ. 

ɿʘʧʠʩʘʪʴ ʦʙʱʠʝ ʫʨʘʚʥʝʥʠʷ ʥʘʡʜʝʥʥʳʭ ʧʨʷʤʳʭ. ʇʦʩʪʨʦʠʪʴ ʯʝʨʪʝʞ. 

ʈʝʰʝʥʠʝ. 

ʉʥʘʯʘʣʘ ʧʦʩʪʨʦʠʤ ʯʝʨʪʝʞ. ʇʦʩʪʨʦʠʤ ʚ ʧʨʷʤʦʫʛʦʣʴʥʦʡ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ 

ʢʦʦʨʜʠʥʘʪ ʪʦʯʢʠ )3;2( -ɸ , )1;5(B , )4;3( -C . ʇʦʩʪʨʦʠʤ ʦʪʨʝʟʢʠ AB  ʠ BC .  



 

 

 
ʈʠʩ. 1 

 

ɼʦʩʪʨʦʠʤ ʧʦʣʫʯʝʥʥʳʡ ʨʠʩʫʥʦʢ ʜʦ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʠ ʥʘʥʝʩʝʤ ʥʘ ʯʝʨʪʝʞ ʚʳʩʦʪʫ 

BK. 

  
 

ʈʠʩ. 2 

 

1) ʉʦʩʪʘʚʠʤ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD.  

ʘ)  ʇʨʝʜʚʘʨʠʪʝʣʴʥʦ ʥʘʡʜʝʤ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ Bʉ. ʋʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ, 

ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ );( 111 yxM  ʠ );( 222 yxM , ʠʤʝʝʪ ʚʠʜ  
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ʇʦ ʫʩʣʦʚʠʶ )1;5(ɺ , )4;3( -ʉ . ʇʦʜʩʪʘʚʠʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ɺ ʠ ʉ ʚ ʫʨʘʚʥʝʥʠʝ 

(3.1): 
14

1

53

5

--

-
=

-

- yx
, ʪ.ʝ. 

5

1

2

5

-

-
=

-

- yx
. 

ɿʘʧʠʰʝʤ ʧʦʣʫʯʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ, ʪʦ ʝʩʪʴ ʚ ʚʠʜʝ 0=++ CByAx . 

ɼʣʷ ʵʪʦʛʦ ʚ ʧʦʩʣʝʜʥʝʤ ʫʨʘʚʥʝʥʠʠ ʠʟʙʘʚʠʤʩʷ ʦʪ ʟʥʘʤʝʥʘʪʝʣʝʡ )1(2)5(5 --=-- yx  ʠ 

ʧʨʦʚʝʜʝʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ, ʧʝʨʝʥʦʩʷ ʚʩʝ ʩʣʘʛʘʝʤʳʝ ʚ ʣʝʚʫʶ ʯʘʩʪʴ ʨʘʚʝʥʩʪʚʘ: 

02325 =++- yx  ʠʣʠ 02325 =-- yx . 

ʀʟ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʳʨʘʟʠʤ y : 2352 +-=- xy ; 
2

23

2

5
-= xy . ʇʦʣʫʯʠʣʠ 

ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ bkxy +=  - ʫʨʘʚʥʝʥʠʝ ʩ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ. 

ʙ)  ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʪʝʤ ʬʘʢʪʦʤ, ʯʪʦ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʝ ʩʪʦʨʦʥʳ 

ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʧʘʨʘʣʣʝʣʴʥʳ. ʉʦʩʪʘʚʠʤ ʠʩʢʦʤʦʝ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD ʢʘʢ ʫʨʘʚʥʝʥʠʝ 

ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ ɸ ʧʘʨʘʣʣʝʣʴʥʦ ʧʨʷʤʦʡ ɺʉ. 

ʋʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʜʘʥʥʫʶ ʪʦʯʢʫ );( 00 yxʄ  ʚ ʜʘʥʥʦʤ 

ʥʘʧʨʘʚʣʝʥʠʠ, ʠʤʝʝʪ ʚʠʜ 

)( 00 xxkyy -=-      (3.2) 

ʛʜʝ ʥʘʧʨʘʚʣʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ k .  

ʋʩʣʦʚʠʝ ʧʘʨʘʣʣʝʣʴʥʦʩʪʠ ʜʚʫʭ ʧʨʷʤʳʭ bkxy +=  ʠ 
11 bxky +=  ʠʤʝʝʪ ʚʠʜ 

     
1kk=       (3.3) 

ʇʦ ʫʩʣʦʚʠʶ ʟʘʜʘʯʠ )3;2( -ɸ , ʧʨʷʤʘʷ 
2

23

2

5
: -= xyɺʉ . ʇʦʜʩʪʘʚʠʤ ʢʦʦʨʜʠʥʘʪʳ 

ʪʦʯʢʠ ɸ ʚ ʫʨʘʚʥʝʥʠʝ (3.2): )2(3 -=+ xky . ʊʘʢ ʢʘʢ ʧʨʷʤʘʷ AD  ʧʘʨʘʣʣʝʣʴʥʘ ʧʨʷʤʦʡ 

BC, ʪʦ ʚ ʩʠʣʫ ʬʦʨʤʫʣʳ (3.3) ʠʭ ʫʛʣʦʚʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʩʦʚʧʘʜʘʶʪ. ʋʛʣʦʚʦʡ 

ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʷʤʦʡ BC  ʨʘʚʝʥ 
2

5
, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD  ʠʤʝʝʪ ʚʠʜ 

)2(
2

5
3 -=+ xy . 

ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD  ʚ ʦʙʱʝʤ ʚʠʜʝ. ɼʣʷ ʵʪʦʛʦ ʨʘʩʢʨʦʝʤ ʩʢʦʙʢʠ ʠ ʚʩʝ 

ʩʣʘʛʘʝʤʳʝ ʧʝʨʝʥʝʩʝʤ ʚ ʣʝʚʫʶ ʯʘʩʪʴ ʨʘʚʝʥʩʪʚʘ: 08
2

5
=++- yx . ʋʤʥʦʞʠʤ ʦʙʝ ʯʘʩʪʴ 

ʨʘʚʝʥʩʪʚʘ ʥʘ (-2) ʠ ʧʦʣʫʯʠʤ ʦʙʱʝʝ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD : 01625 =-- yx . 

ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ AD  ʚ ʚʠʜʝ ʩ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ. ɼʣʷ ʵʪʦʛʦ 

ʚʳʨʘʟʠʤ y  ʠʟ ʦʙʱʝʛʦ ʫʨʘʚʥʝʥʠʷ: 8
2

5
-= xy . 

2) ʉʦʩʪʘʚʠʤ ʫʨʘʚʥʝʥʠʝ ʚʳʩʦʪʳ BK, ʧʨʦʚʝʜʝʥʥʦʡ ʠʟ ʚʝʨʰʠʥʳ B  ʥʘ ʩʪʦʨʦʥʫ AD  ʢʘʢ 

ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ B  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʧʨʷʤʦʡ AD . 

ʋʩʣʦʚʠʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ ʜʚʫʭ ʧʨʷʤʳʭ bkxy +=  ʠ 11 bxky +=  ʠʤʝʝʪ ʚʠʜ 

      
1

1

k
k -=      (3.4) 

ʇʦʜʩʪʘʚʠʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ ɺ ʚ ʫʨʘʚʥʝʥʠʝ (3.2): )5(1 -=- xky . ʊʘʢ ʢʘʢ 

ʚʳʩʦʪʘ BK  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʧʨʷʤʦʡ AD, ʪʦ ʠʭ ʫʛʣʦʚʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʩʚʷʟʘʥʳ 

ʩʦʦʪʥʦʰʝʥʠʝʤ (3.4). ʋʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʷʤʦʡ AD  ʨʘʚʝʥ 
2

5
, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʫʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ ʚʳʩʦʪʳ BK  ʨʘʚʝʥ 
5

2
-  ʠ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ BK  ʠʤʝʝʪ ʚʠʜ 



 

)5(
5

2
1 --=- xy . ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʚʳʩʦʪʳ BK  ʚ ʦʙʱʝʤ ʚʠʜʝ: 01552 =-+ yx . 

ɿʘʧʠʰʝʤ ʵʪʦ ʞʝ ʫʨʘʚʥʝʥʠʝ ʚ ʚʠʜʝ ʩ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ: 3
5

2
+-= xy . 

3) ʅʘʡʜʝʤ ʜʣʠʥʫ ʚʳʩʦʪʳ BK  ʢʘʢ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ ɺ ʜʦ ʧʨʷʤʦʡ AD . 

ʈʘʩʩʪʦʷʥʠʝ d  ʦʪ ʪʦʯʢʠ );( 000 yxM  ʜʦ ʧʨʷʤʦʡ 0=++ CByAx  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʜʣʠʥʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʘ, ʦʧʫʱʝʥʥʦʛʦ ʠʟ ʪʦʯʢʠ ʥʘ ʧʨʷʤʫʶ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ 

    
22

00

BA

CByAx
d

+

++
=      (3.5) 

ʊʘʢ ʢʘʢ BK  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ AD, ʪʦ ʜʣʠʥʘ BK  ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʘ ʩ ʧʦʤʦʱʴʶ 

ʬʦʨʤʫʣʳ (3.5). ʇʦ ʫʩʣʦʚʠʶ )1;5(B , ʧʨʷʤʘʷ AD  ʦʧʨʝʜʝʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ 

01625 =-- yx . ɺ ʩʠʣʫ ʬʦʨʤʫʣʳ (3.5) ʜʣʠʥʘ ʚʳʩʦʪʳ BK  ʨʘʚʥʘ 

425

7

)2(5

161255
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=
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-Ö-Ö
=d =
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7
. 

4) ʅʘʡʜʝʤ ʫʨʘʚʥʝʥʠʝ ʜʠʘʛʦʥʘʣʠ BD  ʢʘʢ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ 
Bʠ E, ʛʜʝ E  - ʩʝʨʝʜʠʥʘ ʦʪʨʝʟʢʘ AC. 

ʘ)  ɽʩʣʠ );( 11 yxɸ  ʠ );( 22 yxC , ʪʦ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ );( 00 yxɽ  - ʩʝʨʝʜʠʥʳ 

ʦʪʨʝʟʢʘ AC, ʦʧʨʝʜʝʣʷʶʪʩʷ ʬʦʨʤʫʣʘʤʠ 
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ʇʦ ʫʩʣʦʚʠʶ )3;2( -A , )4;3( -C . ɺ ʩʠʣʫ ʬʦʨʤʫʣ (3.6) ʠʤʝʝʤ: 
2

5

2

32
0 =

+
=x , 

2

7

2

43
0 -=

--
=y . ʉʣʝʜʦʚʘʪʝʣʴʥʦ )

2

7
;

2

5
( -E . 

ʙ)  ʊʘʢ ʢʘʢ ʪʦʯʢʘ ʧʝʨʝʩʝʯʝʥʠʷ ʜʠʘʛʦʥʘʣʝʡ ʷʚʣʷʝʪʩʷ ʠʭ ʩʝʨʝʜʠʥʦʡ, ʪʦ ʪʦʯʢʘ E  

(ʩʝʨʝʜʠʥʘ ʦʪʨʝʟʢʘ ɸʉ) ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʧʝʨʝʩʝʯʝʥʠʷ ʜʠʘʛʦʥʘʣʝʡ ʠ ʜʠʘʛʦʥʘʣʴ BD  

ʧʨʦʭʦʜʠʪ ʯʝʨʝʟ ʪʦʯʢʫ E .  

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʫʨʘʚʥʝʥʠʝʤ (3.1). ʇʦ ʫʩʣʦʚʠʶ )1;5(B , )
2

7
;

2

5
( -E . ɺ ʩʠʣʫ ʬʦʨʤʫʣʳ 

(3.1) ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ BE  (ʜʠʘʛʦʥʘʣʠ BD) ʠʤʝʝʪ ʚʠʜ: 

1
2

7

1

5
2

5

5

--

-
=

-

- yx
 ʠʣʠ 

2

9

1

2

5

5

-

-
=

-

- yx
. ɿʘʧʠʰʝʤ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ: 04059 =-- yx . ɿʘʧʠʰʝʤ ʵʪʦ ʞʝ 

ʫʨʘʚʥʝʥʠʝ ʚ ʚʠʜʝ ʩ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ: 8
5

9
-= xy . 

5) ʅʘʡʜʝʤ ʪʘʥʛʝʥʩ ʫʛʣʘ ʤʝʞʜʫ ʜʠʘʛʦʥʘʣʷʤʠ BD  ʠ AC. 

ʘ)  ʅʘʡʜʝʤ ʫʨʘʚʥʝʥʠʝ ʜʠʘʛʦʥʘʣʠ AC ʢʘʢ ʫʨʘʚʥʝʥʠʝ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ 

ʜʚʝ ʜʘʥʥʳʝ ʪʦʯʢʠ. 

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʫʨʘʚʥʝʥʠʝʤ (3.1). ʇʦ ʫʩʣʦʚʠʶ )3;2( -A , )4;3( -C . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

34

3

23

2

+-

+
=

-

- yx
. ʆʙʱʝʝ ʫʨʘʚʥʝʥʠʝ ʜʠʘʛʦʥʘʣʠ AC ʠʤʝʝʪ ʚʠʜ 01=++yx , ʫʨʘʚʥʝʥʠʝ ʩ 

ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ ï ʚʠʜ 1--= xy , ʫʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ 1k  ʧʨʷʤʦʡ AC ʨʘʚʝʥ 

1- . 



 

ʙ)  ʋʨʘʚʥʝʥʠʝ ʜʠʘʛʦʥʘʣʠ BD  ʠʤʝʝʪ ʚʠʜ 8
5

9
-= xy , ʝʝ ʫʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ 

5

9
2 =k . 

ʚ)  ʊʘʥʛʝʥʩ ʫʛʣʘ j ʤʝʞʜʫ ʧʨʷʤʳʤʠ 
11 bxky +=  ʠ 

22 bxky +=  ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʬʦʨʤʫʣʦʡ 

    
21

12

1 kk

kk
tg

+

-
=j  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
2

7

5

4
5

14

)1(
5

9
1

)1(
5

9

=

-

=

-Ö+

--

=jtg . ʆʪʩʶʜʘ 
2

7
arctg=j . 

 

ɿʘʜʘʯʘ ˉ2. 

ʋʩʣʦʚʠʝ ʟʘʜʘʯʠ ˉ2 ʥʝʩʢʦʣʴʢʦ ʨʘʟʣʠʯʘʝʪʩʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʥʦʤʝʨʘ ʚʘʨʠʘʥʪʘ 

ʢʦʥʪʨʦʣʴʥʦʡ ʨʘʙʦʪʳ. ʇʨʠʚʝʜʝʤ ʨʝʰʝʥʠʷ ʧʨʦʩʪʝʡʰʠʭ ʟʘʜʘʯ, ʚʭʦʜʷʱʠʭ ʚ ʵʪʦ ʟʘʜʘʥʠʝ. 

1) ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ )2;3;1(ɸ , )0;1;2(-B , 

)3;2;4( -C . 

ʈʝʰʝʥʠʝ. 

ʋʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ );;( 111 zyxA , );;( 222 zyxB , 

);;( 333 zyxC  ʠʤʝʝʪ ʚʠʜ: 

    0

131313

121212

111

=

---

---

---

zzyyxx

zzyyxx

zzyyxx

   (3.7) 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ ABC ʚ ʩʠʣʫ ʫʨʘʚʥʝʥʠʷ (3.7) ʠʤʝʝʪ ʚʠʜ 

0

233214

203112

231

=

----

----

--- zyx

 ʠʣʠ 0

513

223

231

=

--

---

--- zyx

.  

ɿʘʧʠʰʝʤ ʧʦʣʫʯʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ, ʪ.ʝ. ʚ ʚʠʜʝ 0=+++ DCzByAx . 

ɼʣʷ ʵʪʦʛʦ ʨʘʩʢʨʦʝʤ ʦʧʨʝʜʝʣʠʪʝʣʴ ʧʦ ʧʝʨʚʦʡ ʩʪʨʦʢʝ 

063261532101 =+Ö-++Ö---Ö- )()()()()()( zyx . ʇʦʩʣʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʧʦʣʫʯʠʤ: 

0379218 =++- zyx . 

2) ʅʘʡʪʠ ʥʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ ʧʣʦʩʢʦʩʪʠ 0532 =+-+ zyx . 

ʈʝʰʝʥʠʝ. 

ʅʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ N  - ʵʪʦ ʚʝʢʪʦʨ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳʡ ʧʣʦʩʢʦʩʪʠ. ɽʩʣʠ 

ʧʣʦʩʢʦʩʪʴ ʟʘʜʘʥʘ ʦʙʱʠʤ ʫʨʘʚʥʝʥʠʝʤ 0=+++ DCzByAx , ʪʦ ʥʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ 

ʠʤʝʝʪ ʢʦʦʨʜʠʥʘʪʳ { }CBA ,, . 



 

ʈ

N

 
ʈʠʩ. 3 

ɼʣʷ ʧʣʦʩʢʦʩʪʠ 0532 =+-+ zyx  ʥʦʨʤʘʣʴʥʳʤ ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨ N ={ }1;3;2 - . 

ʆʪʤʝʪʠʤ, ʯʪʦ ʣʶʙʦʡ ʚʝʢʪʦʨ, ʢʦʣʣʠʥʝʘʨʥʳʡ ʚʝʢʪʦʨʫ N ={ }1;3;2 -  ʪʘʢ ʞʝ ʷʚʣʷʝʪʩʷ 

ʥʦʨʤʘʣʴʥʳʤ ʚʝʢʪʦʨʦʤ ʧʣʦʩʢʦʩʪʠ 0532 =+-+ zyx . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠ ʢʘʞʜʦʤ 

ʥʝʥʫʣʝʚʦʤ l ʚʝʢʪʦʨ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ { }lll -;3;2  ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʥʦʨʤʘʣʴʥʳʤ 

ʚʝʢʪʦʨʦʤ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʧʣʦʩʢʦʩʪʠ. 

3) ʅʘʡʪʠ ʢʦʩʠʥʫʩ ʫʛʣʘ ʤʝʞʜʫ ʧʣʦʩʢʦʩʪʷʤʠ 0432 =-+- zyx  ʠ 045 =++ zyx . 

ʈʝʰʝʥʠʝ. 

ʋʛʦʣ j ʤʝʞʜʫ ʜʚʫʤʷ ʧʣʦʩʢʦʩʪʷʤʠ 0: 11111 =+++ DzCyBxAP  ʠ 

0: 22222 =+++ DzCyBxAP  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʫʛʦʣ ʤʝʞʜʫ ʠʭ ʥʦʨʤʘʣʴʥʳʤʠ 

ʚʝʢʪʦʨʘʤʠ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦʤ  

2

2

2

2

2

2

2

1

2

1

2

1

212121cos
CBACBA

CCBBAA

++Ö++

++
=j  

ɼʣʷ ʧʣʦʩʢʦʩʪʠ 0432 =-+- zyx  ʢʦʦʨʜʠʥʘʪʳ ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ 

{ }1111 ;; CBAN =  ʦʧʨʝʜʝʣʷʶʪʩʷ ʨʘʚʝʥʩʪʚʘʤʠ 21=A , 31 -=B , 11 =C . ɼʣʷ ʧʣʦʩʢʦʩʪʠ 

045 =++ zyx  - ʨʘʚʝʥʩʪʚʘʤʠ 12 =A , 52 =B , 42=C . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

222222 4511)3(2

415)3(12
cos

++Ö+-+

Ö+Ö-+Ö
=j =

14

33

314

9

588

9

4214

9

16251194

4152
-=-=-=

Ö

-
=

++Ö++

+-
. 

4) ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ P, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ )5;2;1(0 -M  ʧʘʨʘʣʣʝʣʴʥʦ 

ʧʣʦʩʢʦʩʪʠ 1P : 0532 =+-+ zyx . 

ʈʝʰʝʥʠʝ. 

ʋʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ );;( 0000 zyxM , ʠʤʝʝʪ ʚʠʜ 

   0)()()( 000 =-+-+- zzCyyBxxA    (3.8) 

ʇʦʜʩʪʘʚʠʤ ʚ ʫʨʘʚʥʝʥʠʝ (3.8) ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ 0M : 

0)5()2()1( =-+++- zCyBxA . 

ʋʩʣʦʚʠʝ ʧʘʨʘʣʣʝʣʴʥʦʩʪʠ ʧʣʦʩʢʦʩʪʝʡ 01111 =+++ DzCyBxA  ʠ 

02222 =+++ DzCyBxA  ʠʤʝʝʪ ʚʠʜ 

    
2

1

2

1

2

1

C

C

B

B

A

A
==      (3.9) 



 

ʊʘʢ ʢʘʢ ʧʣʦʩʢʦʩʪʠ P  ʠ 
1P  ʧʘʨʘʣʣʝʣʴʥʳ, ʪʦ ʚ ʢʘʯʝʩʪʚʝ ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ 

Nʧʣʦʩʢʦʩʪʠ P  ʤʦʞʥʦ ʚʟʷʪʴ ʥʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ { }1;3;21 -=N  ʧʣʦʩʢʦʩʪʠ 
1P, ʪ.ʝ. ʚ 

ʬʦʨʤʫʣʝ (3.9) ʦʪʥʦʰʝʥʠʝ 
132 -

==
CBA

 ʤʦʞʥʦ ʧʨʠʥʷʪʴ ʨʘʚʥʳʤ ʝʜʠʥʠʮʝ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ 
1P  ʧʨʠʤʝʪ ʚʠʜ 0)5()2(3)1(2 =--++- zyx . 

ɿʘʧʠʰʝʤ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ: 0932 =+-+ zyx . 

5) ʅʘʡʪʠ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ )2,3,1(0 -M  ʜʦ ʧʣʦʩʢʦʩʪʠ P : 05423 =-+- zyx . 

ʈʝʰʝʥʠʝ. 

ʈʘʩʩʪʦʷʥʠʝ d  ʦʪ ʪʦʯʢʠ );;( 0000 zyxM  ʜʦ ʧʣʦʩʢʦʩʪʠ 0: =+++ DCzByAxP  

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʜʣʠʥʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʘ, ʦʧʫʱʝʥʥʦʛʦ ʠʟ ʪʦʯʢʠ ʥʘ ʧʣʦʩʢʦʩʪʴ, ʠ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ 

   
222

000

CBA

DCzByAx
d

++

+++
=      (3.10) 

ɼʣʷ ʧʣʦʩʢʦʩʪʠ 05423 =-+- zyx  ʢʦʦʨʜʠʥʘʪʳ ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ { }CBAN ;;=  

ʦʧʨʝʜʝʣʷʶʪʩʷ ʨʘʚʝʥʩʪʚʘʤʠ 3=A , 2-=B , 4=C . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

29

16

1649

16

4)2(3

5)2(43213

222
=

++

-
=

+-+

--Ö+Ö-Ö
=d . 

6) ʉʦʩʪʘʚʠʪʴ ʢʘʥʦʥʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ )3;2;1(1 -M  ʠ 

)2;1;3(2M . 

ʈʝʰʝʥʠʝ. 

ʋʨʘʚʥʝʥʠʷ ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ );;( 1111 zyxM  ʠ );;( 2222 zyxM  ʠʤʝʶʪ 

ʚʠʜ 

   
12

1

12

1

12

1

zz

zz

yy

yy

xx

xx

-

-
=

-

-
=

-

-
     (3.11) 

ʊʘʢ ʢʘʢ )3;2;1(1 -M , )2;1;3(2M , ʪʦ ʚ ʩʠʣʫ (3.11) ʧʦʣʫʯʠʤ ʫʨʘʚʥʝʥʠʷ 

32

3

21

2

13

1

-

-
=

+

+
=

-

- zyx
 ʠʣʠ 

1

3

3

2

2

1

-

-
=

+
=

- zyx
. 

7) ʅʘʡʪʠ ʥʘʧʨʘʚʣʷʶʱʠʡ ʚʝʢʪʦʨ ʧʨʷʤʦʡ 
23

1

2

1

-
=

+
=

- zyx
. 

ʈʝʰʝʥʠʝ. 

ʅʘʧʨʘʚʣʷʶʱʠʡ ʚʝʢʪʦʨ s  - ʵʪʦ ʚʝʢʪʦʨ, ʧʘʨʘʣʣʝʣʴʥʳʡ ʧʨʷʤʦʡ. 

ɽʩʣʠ ʧʨʷʤʘʷ ʟʘʜʘʥʘ ʢʘʥʦʥʠʯʝʩʢʠʤʠ ʫʨʘʚʥʝʥʠʷʤʠ 
r

zz

q

yy

p

xx 000 -
=

-
=

-
, ʪʦ 

ʥʘʧʨʘʚʣʷʶʱʠʡ ʚʝʢʪʦʨ s  ʠʤʝʝʪ ʢʦʦʨʜʠʥʘʪʳ { }rqp ;; . 

l

s

 
 

ʈʠʩ. 4 

 

ɼʣʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʧʨʷʤʦʡ 
23

1

2

1

-
=

+
=

- zyx
 ʥʘʧʨʘʚʣʷʶʱʠʤ ʚʝʢʪʦʨʦʤ 

ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨ { }2;3;2 -=s . 



 

ʆʪʤʝʪʠʤ, ʯʪʦ ʣʶʙʦʡ ʚʝʢʪʦʨ, ʢʦʣʣʠʥʝʘʨʥʳʡ ʚʝʢʪʦʨʫ { }2;3;2 -=s  ʪʘʢ ʞʝ ʷʚʣʷʝʪʩʷ 

ʥʘʧʨʘʚʣʷʶʱʠʤ ʚʝʢʪʦʨʦʤ ʧʨʷʤʦʡ 
23

1

2

1

-
=

+
=

- zyx
. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠ ʢʘʞʜʦʤ 

ʥʝʥʫʣʝʚʦʤ l ʚʝʢʪʦʨ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ { }lll 2;3;2 -  ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʥʘʧʨʘʚʣʷʶʱʠʤ 

ʚʝʢʪʦʨʦʤ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʧʨʷʤʦʡ. 

8) ʅʘʡʪʠ ʢʦʩʠʥʫʩ ʫʛʣʘ ʤʝʞʜʫ ʧʨʷʤʳʤʠ 
3

5

2

3

2

7 -
=

-

+
=

- zyx
 ʠ 

1

6

43

5 -
=

-
=

+ zyx
. 

ʈʝʰʝʥʠʝ. 

ʋʛʦʣ j ʤʝʞʜʫ ʜʚʫʤʷ ʧʨʷʤʳʤʠ 
1

1

1

1

1

1
1 :
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zz

q

yy

p

xx
l
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=

-
=

-
 ʠ 

2

2

2

2

2

2
2 :

r

zz

q

yy

p

xx
l

-
=

-
=

-
 ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʫʛʦʣ ʤʝʞʜʫ ʠʭ ʥʘʧʨʘʚʣʷʶʱʠʤʠ 

ʚʝʢʪʦʨʘʤʠ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦʤ 

2

2

2

2

2

2

2

1

2

1

2

1

212121cos
rqprqp

rrqqpp

++Ö++

++
=j  

ɼʣʷ ʧʨʷʤʦʡ 
3

5

2

3

2

7 -
=

-

+
=

- zyx
 ʢʦʦʨʜʠʥʘʪʳ ʥʘʧʨʘʚʣʷʶʱʝʛʦ ʚʝʢʪʦʨʘ 

{ }1111 ;; rqps =  ʦʧʨʝʜʝʣʷʶʪʩʷ ʨʘʚʝʥʩʪʚʘʤʠ 21=p , 21 -=q , 31=r . ɼʣʷ ʧʨʷʤʦʡ 

1
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ʊʘʢ ʢʘʢ ʧʨʷʤʳʝ l  ʠ 
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ʧʨʷʤʦʡ l  ʤʦʞʥʦ ʚʟʷʪʴ ʥʘʧʨʘʚʣʷʶʱʠʡ ʚʝʢʪʦʨ { }3;2;41 -=s  ʧʨʷʤʦʡ 1l , ʪ.ʝ. ʚ ʬʦʨʤʫʣʝ 
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ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ N  ʧʣʦʩʢʦʩʪʠ ʤʦʞʥʦ ʚʟʷʪʴ ʥʘʧʨʘʚʣʷʶʱʠʡ ʚʝʢʪʦʨ { }2,1,4 -=s  

ʧʨʷʤʦʡ l , ʪ.ʝ. ʚ ʬʦʨʤʫʣʝ (3.13) ʦʪʥʦʰʝʥʠʝ 
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 ʤʦʞʥʦ ʧʨʠʥʷʪʴ ʨʘʚʥʳʤ 

ʝʜʠʥʠʮʝ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ P  ʧʨʠʤʝʪ ʚʠʜ 

0)3()2()2(1)1(4 =+Ö-++Ö+-Ö zyx . ɿʘʧʠʰʝʤ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ: 
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12) ʉʦʩʪʘʚʠʪʴ ʢʘʥʦʥʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʧʨʷʤʦʡ l, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ )2;3;5(0 -M  

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʧʣʦʩʢʦʩʪʠ P : 04 =-+ zyx . 

ʈʝʰʝʥʠʝ. 
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ɿʘʜʘʯʘ ˉ3. 

ʂ ʢʨʠʚʳʤ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʦʪʥʦʩʷʪʩʷ ʵʣʣʠʧʩ (ʨʠʩ.6), ʛʠʧʝʨʙʦʣʘ (ʨʠʩ. 7 ʠ 8), 

ʧʘʨʘʙʦʣʘ (ʨʠʩ. 9-12). ʇʨʠʚʝʜʝʤ ʨʠʩʫʥʢʠ ʠ ʢʘʥʦʥʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʵʪʠʭ ʢʨʠʚʳʭ. 
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ʇʨʠʚʝʜʝʤ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ˉ3. 

ʇʨʠʤʝʨ 1. ʇʨʠʚʝʩʪʠ ʫʨʘʚʥʝʥʠʝ ʢʨʠʚʦʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 082164 22 =--++ yxyx  

ʢ ʢʘʥʦʥʠʯʝʩʢʦʤʫ ʚʠʜʫ ʠ ʧʦʩʪʨʦʠʪʴ ʢʨʠʚʫʶ. 

ʈʝʰʝʥʠʝ. 

ɼʣʷ ʧʨʠʚʝʜʝʥʠʷ ʫʨʘʚʥʝʥʠʷ ʢʨʠʚʦʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʢ ʢʘʥʦʥʠʯʝʩʢʦʤʫ ʚʠʜʫ 

ʧʨʠʤʝʥʷʶʪ ʤʝʪʦʜ ʚʳʜʝʣʝʥʠʷ ʧʦʣʥʦʛʦ ʢʚʘʜʨʘʪʘ. 

ʉʛʨʫʧʧʠʨʫʝʤ ʩʣʘʛʘʝʤʳʝ, ʩʦʜʝʨʞʘʱʠʝ ʪʝʢʫʱʠʝ ʢʦʦʨʜʠʥʘʪʳ. ʂʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ 2x  

ʠ 2y  ʚʳʥʝʩʝʤ ʟʘ ʩʢʦʙʢʠ: 08)2()4(4 22 =--++ yyxx . 
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-=

-=

0

0

yyY

xxX
. ʇʨʠ 

ʪʘʢʦʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʠ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ ʧʝʨʝʥʦʩʠʪʩʷ ʚ ʪʦʯʢʫ ),( 00 yx , ʫʨʘʚʥʝʥʠʝ ʵʣʣʠʧʩʘ 

ʧʨʠʥʠʤʘʝʪ ʢʘʥʦʥʠʯʝʩʢʠʡ ʚʠʜ 1
2

2

2

2

=+
b

Y

a

X
. 

ɺ ʥʘʰʝʤ ʧʨʠʤʝʨʝ 20 -=x , 10 =y , 
2

5
=a , 5=b . 

ʀʪʘʢ, ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʝ ʫʨʘʚʥʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪ ʵʣʣʠʧʩ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ )1;2(-ʉ  ʠ 

ʧʦʣʫʦʩʷʤʠ 
2

5
 ʠ 5.  

-2

1

0,5

6

-4,5

-4

ʭ

y
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ʇʨʠʤʝʨ 2. ʇʨʠʚʝʩʪʠ ʫʨʘʚʥʝʥʠʝ ʢʨʠʚʦʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 012164 2 =+-+ yxx  ʢ 

ʢʘʥʦʥʠʯʝʩʢʦʤʫ ʚʠʜʫ ʠ ʧʦʩʪʨʦʠʪʴ ʢʨʠʚʫʶ. 

ʈʝʰʝʥʠʝ. 

ʂʘʢ ʠ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʨʠʤʝʨʝ, ʩʛʨʫʧʧʠʨʫʝʤ ʩʣʘʛʘʝʤʳʝ, ʩʦʜʝʨʞʘʱʠʝ ʪʝʢʫʱʠʝ 

ʢʦʦʨʜʠʥʘʪʳ: 012)4(4 2 =+-+ yxx . 

ɺ ʩʢʦʙʢʘʭ ʚʳʜʝʣʠʤ ʧʦʣʥʳʡ ʢʚʘʜʨʘʪ: 01216)44(4 2 =+--++ yxx ; 

152)2(4 2 +=+ yx . ʆʪʩʶʜʘ )
2

15
(

2

1
)2( 2 +=+ yx . 



 

ɺʳʧʦʣʥʠʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʳʭ 
îí

î
ì

ë

+=

+=

2

15
2

yY

xX
. ʇʦʩʣʝ ʵʪʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʫʨʘʚʥʝʥʠʝ 

ʧʘʨʘʙʦʣʳ ʧʨʠʥʠʤʘʝʪ ʢʘʥʦʥʠʯʝʩʢʠʡ ʚʠʜ YX
2

12 = , ʚʝʨʰʠʥʘ ʧʘʨʘʙʦʣʳ ʚ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ 

Oxy ʨʘʩʧʦʣʦʞʝʥʘ ʚ ʪʦʯʢʝ )
2

15
;2( --C . 
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ɿʘʜʘʯʘ ˉ 4. 

ʇʦʩʪʨʦʠʪʴ ʥʘ ʧʣʦʩʢʦʩʪʠ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ʤʝʩʪʦ ʪʦʯʝʢ, ʦʧʨʝʜʝʣʷʝʤʦʝ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  

1) 

î
í

î
ì

ë

²

¢

¢¢

0

2

21
2

y

xy

x

 

2) 03)3(36 2 ¢-¢+-- yx  

ʈʝʰʝʥʠʝ. 

ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʨʝʰʠʪʴ ʥʝʨʘʚʝʥʩʪʚʦ 0),( ²yxF  ʥʘ ʧʣʦʩʢʦʩʪʠ, ʥʘʜʦ ʧʦʩʪʨʦʠʪʴ 

ʛʨʘʬʠʢ ʣʠʥʠʠ 0),( =yxF . ʂʨʠʚʘʷ 0);( =yxF  ʨʘʟʙʠʚʘʝʪ ʧʣʦʩʢʦʩʪʴ ʥʘ ʯʘʩʪʠ, ʚ ʢʘʞʜʦʡ 

ʠʟ ʢʦʪʦʨʳʭ ʚʳʨʘʞʝʥʠʝ );( yxF  ʩʦʭʨʘʥʷʝʪ ʩʚʦʡ ʟʥʘʢ. ɺʳʙʠʨʘʷ ʧʨʦʙʥʫʶ ʪʦʯʢʫ ʚ ʢʘʞʜʦʡ 

ʠʟ ʵʪʠʭ ʯʘʩʪʝʡ, ʥʘʡʜʝʤ ʯʘʩʪʴ ʧʣʦʩʢʦʩʪʠ, ʷʚʣʷʶʱʫʶʩʷ ʠʩʢʦʤʳʤ ʨʝʰʝʥʠʝʤ ʥʝʨʘʚʝʥʩʪʚʘ. 

1) ʇʦʩʪʨʦʠʤ ʧʨʷʤʳʝ 1=x  ʠ 2=x , ʟʘʰʪʨʠʭʫʝʤ ʦʙʣʘʩʪʴ, ʚ ʢʦʪʦʨʦʡ 21 ¢¢x . 

ɿʘʪʝʤ ʧʦʩʪʨʦʠʤ ʧʘʨʘʙʦʣʫ xy 22 =  ʠ ʟʘʰʪʨʠʭʫʝʤ ʦʙʣʘʩʪʴ, ʩʦʜʝʨʞʘʱʫʶ ʦʩʴ ʩʠʤʤʝʪʨʠʠ 

ʧʘʨʘʙʦʣʳ (ʨʘʩʧʦʣʦʞʝʥʥʫʶ ʚʥʫʪʨʠ ʧʘʨʘʙʦʣʳ); ʧʦʩʪʨʦʠʤ ʧʨʷʤʫʶ 0=y  ʠ ʟʘʰʪʨʠʭʫʝʤ 

ʦʙʣʘʩʪʴ, ʣʝʞʘʱʫʶ ʚʳʰʝ ʧʨʷʤʦʡ. ʇʝʨʝʩʝʯʝʥʠʝ ʚʩʝʭ ʟʘʰʪʨʠʭʦʚʘʥʥʳʭ ʦʙʣʘʩʪʝʡ ʠ 

ʦʧʨʝʜʝʣʠʪ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʭ ʨʝʰʝʥʠʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʩʠʩʪʝʤʳ. 
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2) ʇʦʩʪʨʦʠʤ ʣʠʥʠʶ, ʦʧʨʝʜʝʣʷʝʤʫʶ ʫʨʘʚʥʝʥʠʝʤ 2)3(363 +--=- xy . ʕʪʘ 

ʣʠʥʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʪʫ ʯʘʩʪʴ ʦʢʨʫʞʥʦʩʪʠ 22 )3(36)3( +-=- xy  ʠʣʠ 

36)3()3( 22 =-++ yx , ʥʘ ʢʦʪʦʨʦʡ 03¢-y . ɼʘʣʝʝ ʧʦʩʪʨʦʠʤ ʧʨʷʤʫʶ 03=-y  ( 3=y ). 

ʈʝʰʝʥʠʝʤ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʜʚʦʡʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘ ʷʚʣʷʝʪʩʷ ʯʘʩʪʴ ʧʣʦʩʢʦʩʪʠ, 

ʨʘʩʧʦʣʦʞʝʥʥʘʷ ʤʝʞʜʫ ʥʠʞʥʝʡ ʧʦʣʦʚʠʥʦʡ ʦʢʨʫʞʥʦʩʪʠ 36)3()3( 22 =-++ yx  ʩ 

ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ )3,3(-  ʨʘʜʠʫʩʘ 6  ʧʨʷʤʦʡ 3=y . 
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1. ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ ʬʫʥʢʮʠʡ. 
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ʈʝʰʝʥʠʝ. ʇʨʝʞʜʝ ʚʩʝʛʦ, ʧʨʦʚʝʨʠʤ, ʧʨʠʤʝʥʠʤʳ ʣʠ ʢ ʜʘʥʥʦʡ ʜʨʦʙʠ ʪʝʦʨʝʤʳ ʦ ʧʨʝʜʝʣʘʭ, 

ʠʣʠ ʤʳ ʠʤʝʝʤ ʜʝʣʦ ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴʶ. ɼʣʷ ʵʪʦʛʦ ʥʘʡʜʝʤ ʧʨʝʜʝʣʳ ʯʠʩʣʠʪʝʣʷ ʠ 
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ʟʥʘʤʝʥʘʪʝʣʷ ʜʨʦʙʠ. ʌʫʥʢʮʠʠ 15 2+x  ʠ 327 5 ++ xx  ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʠʤʠ. 
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʤʝʝʤ ʜʝʣʦ ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴʶ ʚʠʜʘ 
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ü
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ì
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¤
. 

 ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʵʪʦʡ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʪʝʦʨʝʤʳ ʦ ʧʨʝʜʝʣʝ 

ʦʪʥʦʰʝʥʠʷ ʜʚʫʭ ʬʫʥʢʮʠʡ ʚʳʜʝʣʠʤ ʚ ʯʠʩʣʠʪʝʣʝ ʠ ʚ ʟʥʘʤʝʥʘʪʝʣʝ x  ʚ ʩʪʘʨʰʝʡ ʜʣʷ 

ʯʠʩʣʠʪʝʣʷ ʠ ʟʥʘʤʝʥʘʪʝʣʷ ʩʪʝʧʝʥʠ ʚ ʢʘʯʝʩʪʚʝ ʩʦʤʥʦʞʠʪʝʣʷ ʠ ʩʦʢʨʘʪʠʤ ʜʨʦʙʴ. 
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ʈʝʰʝʥʠʝ. ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 
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 ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʨʘʟʣʦʞʠʪʴ 

ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʥʘ ʤʥʦʞʠʪʝʣʠ ʠ ʩʦʢʨʘʪʠʪʴ ʜʨʦʙʴ ʥʘ ʦʙʱʠʡ ʤʥʦʞʠʪʝʣʴ. 
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ʈʝʰʝʥʠʝ. ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʜʘʥʥʦʛʦ ʧʨʝʜʝʣʘ ʧʦʜʩʪʘʚʠʤ ʟʥʘʯʝʥʠʝ 1-=x  ʚ ʬʫʥʢʮʠʶ, 

ʩʪʦʷʱʫʶ ʧʦʜ ʟʥʘʢʦʤ ʧʨʝʜʝʣʘ. ʇʦʣʫʯʠʤ, 
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ʈʝʰʝʥʠʝ. ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 
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0
 ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʫʤʥʦʞʠʪʴ 

ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʥʘ ʚʳʨʘʞʝʥʠʝ, ʩʦʧʨʷʞʝʥʥʦʝ ʯʠʩʣʠʪʝʣʶ, ʘ ʟʘʪʝʤ ʩʦʢʨʘʪʠʪʴ ʜʨʦʙʴ 

ʥʘ ʦʙʱʠʡ ʤʥʦʞʠʪʝʣʴ. 

 

 .limlimlim
2

1

1111

1111

0

011

22

2

022

22

02

2

0
=

ö
÷

õ
æ
ç

å
++

=

ö
÷

õ
æ
ç

å
++

ö
÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
-+

=
ý
ü
û

í
ì
ë
=

-+

 xx

x

xx

xx

x

x

xxx
 

ʆʪʚʝʪ. 
2

1
. 



 

ʛ) ʅʘʡʪʠ 
x

kx

x

sin
lim

0
. 

ʈʝʰʝʥʠʝ. ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 
ý
ü
û

í
ì
ë

0

0
 ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʚʳʜʝʣʠʪʴ ʧʝʨʚʳʡ 

ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ: .
sin

lim 1
0

=
 A

A

A
 

.
sin

lim
sin

lim kk
kx

kxk

x

kx

xx
=Ö==

ý
ü
û

í
ì
ë
=


1

0

0

00
 

ʆʪʚʝʪ. k 

ʜ) ʅʘʡʪʠ ( )
2

1
1

x
tgx

x

p
-


lim . 

ʈʝʰʝʥʠʝ. ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ { }¤Ö0  ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʧʨʝʦʙʨʘʟʦʚʘʪʴ ʚ ʯʘʩʪʥʦʝ, ʪʦ ʝʩʪʴ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ { }¤Ö0  ʩʚʝʩʪʠ ʢ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ 

ý
ü
û

í
ì
ë

0

0
 ʠʣʠ 

ý
ü
û

í
ì
ë

¤

¤
. 

 

( ) { } ( )

( )
.

sin

lim

cos

lim

cos

lim
,

,

cos

lim,sin

cos

sin

limlim

y

y

y

y

y

y

yxy

xy

x

x
xʧʨʠ

x

x

x

x
x

tgx

yyy

xxx

222
1

2

10

1

0

0

2

1
11

2

2

210
2

1

000

111

pppp

p

p

p

p
p

-

-
=

ö
÷

õ
æ
ç

å
+

-
=

+

-
=ù
ú

ø
é
ê

è

+=

-=
=

=
ý
ü
û

í
ì
ë
=

-
=ù
ú

ø
é
ê

è
===-=¤Ö=-





 

 ɺʳʜʝʣʷʝʤ ʧʝʨʚʳʡ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ, ʪʦ ʝʩʪʴ, ʫʤʥʦʞʘʝʤ ʯʠʩʣʠʪʝʣʴ ʠ 

ʟʥʘʤʝʥʘʪʝʣʴ ʥʘ 
2

p
. ʇʦʣʫʯʘʝʤ, 

pppp

p
2

2

1

22

2

0
==

-

-


y

y

y
sin

lim . 

ʆʪʚʝʪ. 
p

2
. 

 

ʝ) ʅʘʡʪʠ 

x

x x

x
ö
÷

õ
æ
ç

å

+

-

¤ 1

1
lim . 

ʈʝʰʝʥʠʝ. ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ {}¤1  ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʚʳʜʝʣʠʪʴ ʚʪʦʨʦʡ 

ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ:e
x

x

x
=ö

÷

õ
æ
ç

å
+

¤

1
1lim . 

{ } .limlimlimlim
lim

21

2

1

2

2

1

2

1

1
1

1

2
11

1

1
11

1

1 -+

-

+

-

-

+

¤¤¤

¤

¤
==

ö
ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ
æ

ç

å

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

-

+
+=ù

ú

ø
é
ê

è

+

-
+=ù

ú

ø
é
ê

è
ö
÷

õ
æ
ç

å
-

+

-
+==ö

÷

õ
æ
ç

å

+

-
¤ ee

xxx

x

x

x x

x

x
xx

x

x

x

x

x

x

x

x  

ʆʪʚʝʪ. 
2-

e . 



 

ʞ) ʅʘʡʪʠ ( ) .lim 2

1

2
53 -


- x

x
x  

ʈʝʰʝʥʠʝ.  ɼʣʷ ʨʘʩʢʨʳʪʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ { }¤1  ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʥʫʞʥʦ ʚʳʜʝʣʠʪʴ ʚʪʦʨʦʡ 

ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʧʨʝʜʝʣ: ( ) e=+


a
a

a
1

0
1lim . 

( ) ( )( ) ( ) .limlim
,

,
lim

3
3

31

0

1

0
2

1

2
31523

02

2
53 eyy

yyx

xy
x y

y
y

y
x

x
=+=-+=ù

ú

ø
é
ê

è

+=

-=
=- Ö

Ö


-


 

ʆʪʚʝʪ. 
3e . 

 ʅʘʡʪʠ ( ) .lim 2

1

25
53 -


- x

x
x  

ʈʝʰʝʥʠʝ. ʇʦʜʩʪʘʚʠʤ ʟʥʘʯʝʥʠʝ 
2

5
=x  ʚ ʬʫʥʢʮʠʶ, ʩʪʦʷʱʫʶ ʧʦʜ ʟʥʘʢʦʤ ʧʨʝʜʝʣʘ. ʇʦʣʫʯʠʤ, 

( ) .lim
4

25

2

5
5

2

5
353

2
2

2
5

1

2

1

25
=ö

÷

õ
æ
ç

å
=ö

÷

õ
æ
ç

å
-Ö=- -

-


x
x

x  

ʆʪʚʝʪ. 
4

25
. 

2. ɿʘʜʘʥʘ ʬʫʥʢʮʠʷ 3

1

2 -= xy  ʠ ʜʚʘ ʟʥʘʯʝʥʠʷ ʘʨʛʫʤʝʥʪʘ 13 21 == xx , . 

ʊʨʝʙʫʝʪʩʷ: 

- ʥʘʡʪʠ ʧʨʝʜʝʣʳ ʬʫʥʢʮʠʠ ʧʨʠ ʧʨʠʙʣʠʞʝʥʠʠ ʢ ʢʘʞʜʦʤʫ ʠʟ ʜʘʥʥʳʭ ʟʥʘʯʝʥʠʡ x  ʩʣʝʚʘ 

ʠ ʩʧʨʘʚʘ; 

- ʫʩʪʘʥʦʚʠʪʴ ʷʚʣʷʝʪʩʷ ʣʠ ʜʘʥʥʘʷ ʬʫʥʢʮʠʷ ʥʝʧʨʝʨʳʚʥʦʡ ʠʣʠ ʨʘʟʨʳʚʥʦʡ ʜʣʷ ʢʘʞʜʦʛʦ 
ʠʟ ʜʘʥʥʳʭ ʟʥʘʯʝʥʠʡ x ; 

- ʩʜʝʣʘʪʴ ʩʭʝʤʘʪʠʯʝʩʢʠʡ ʯʝʨʪʝʞ. 

ʈʝʰʝʥʠʝ. ʅʘʡʜʝʤ ʣʝʚʳʡ ʠ ʧʨʘʚʳʡ ʧʨʝʜʝʣʳ ʚ ʪʦʯʢʝ 3x0 = .  
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ʉʜʝʣʘʝʤ ʩʭʝʤʘʪʠʯʝʩʢʠʡ ʯʝʨʪʝʞ. 
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3. ʌʫʥʢʮʠʷ ʟʘʜʘʝʪʩʷ ʨʘʟʣʠʯʥʳʤʠ ʘʥʘʣʠʪʠʯʝʩʢʠʤʠ ʚʳʨʘʞʝʥʠʷʤʠ ʜʣʷ ʨʘʟʣʠʯʥʳʭ 

ʦʙʣʘʩʪʝʡ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ. 

ʊʨʝʙʫʝʪʩʷ: 

1) ʥʘʡʪʠ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ, ʝʩʣʠ ʦʥʠ ʩʫʱʝʩʪʚʫʶʪ; 

2) ʥʘʡʪʠ ʩʢʘʯʦʢ ʬʫʥʢʮʠʠ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʨʘʟʨʳʚʘ; 

3) ʩʜʝʣʘʪʴ ʩʭʝʤʘʪʠʯʝʩʢʠʡ ʯʝʨʪʝʞ. 
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ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 11 -=xy  ʥʝʧʨʝʨʳʚʥʘ ʜʣʷ 0<x , ʬʫʥʢʮʠʷ 12
2 -=xy  ʥʝʧʨʝʨʳʚʥʘ ʚ 

ʢʘʞʜʦʡ ʪʦʯʢʝ ʠʟ []10, , ʬʫʥʢʮʠʷ 23=y  ʥʝʧʨʝʨʳʚʥʘ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʠʥʪʝʨʚʘʣʘ ( )¤,1 . 

 ʊʦʯʢʠ, ʚ ʢʦʪʦʨʳʭ ʬʫʥʢʮʠʷ ʤʦʞʝʪ ʠʤʝʪʴ ʨʘʟʨʳʚ, ʵʪʦ ʪʦʯʢʠ 0=x  ʠ 1=x , ʛʜʝ 

ʬʫʥʢʮʠʷ ʤʝʥʷʝʪ ʩʚʦʝ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʚʳʨʘʞʝʥʠʝ. 

 ʀʩʩʣʝʜʫʝʤ ʪʦʯʢʫ 0=x . 

( ) 11
0000

-=-=
--

xy
xx

limlim , ( ) 112

0000
-=-=

++
xy

xx
limlim , () 10 -=y . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʪʦʯʢʘ 0=x  ʝʩʪʴ ʪʦʯʢʘ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ()xy . 

ʀʩʩʣʝʜʫʝʤ ʪʦʯʢʫ 1=x . 

( ) 012

0101
=-=

--
xy

xx
limlim , 22

0101
==

++ xx
y limlim , () 0111 =-=y . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʦʜʥʦʩʪʦʨʦʥʥʠʝ ʧʨʝʜʝʣʳ ʩʫʱʝʩʪʚʫʶʪ, ʢʦʥʝʯʥʳ, ʥʦ ʥʝ ʨʘʚʥʳ ʤʝʞʜʫ ʩʦʙʦʡ. ʇʦ 
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ʊɽʄɸ 3. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ  

1. ʇʨʦʠʟʚʦʜʥʘʷ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣ 

 

1.   ʇʨʦʠʟʚʦʜʥʘʷ. 

2.   ɼʠʬʬʝʨʝʥʮʠʘʣ. 

3.   ʇʨʦʠʟʚʦʜʥʳʝ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

4.   ʉʚʦʡʩʪʚʘ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʭ ʬʫʥʢʮʠʡ. 
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2

3
1222

2

1
334

xx
xxxxxxxy ++=++=--Ö+Ö=¡ -

-
-

-

. 

 

ʙ) xexy Ö=sin ; 

ʈʝʰʝʥʠʝ: 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ vuvuvu ¡+¡=¡Ö)( . 

( ) () xxxx exexexexy Ö+Ö=
¡

Ö+Ö
¡

=¡ sincossinsin . 

 

ʚ) 
x

x
y

cos

2

= ; 

ʈʝʰʝʥʠʝ: 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ 
2v

vuvu

v

u ¡-¡
=

¡

ö
÷

õ
æ
ç

å
. 

( ) ( )

( ) x

xxxx

x

xxxx
y

2

2

2

22

cos

sincos2

cos

coscos +
=

¡
-

¡

=¡ . 

 

ʛ) ( )3sin 2+= xy ; 

ʈʝʰʝʥʠʝ: 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ uuu ¡Ö=¡ cos)(sin . 

uy sin= , ʛʜʝ 3
2+=xu ; 

( ) ( ) xxxuuuy u 23cos2cossin 2 Ö+=Ö=¡Ö
¡

=¡ . 

 

ʜ) ( )102 xexy += ; 

ʈʝʰʝʥʠʝ: 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ () uunu nn ¡ÖÖ=
¡ -1 . 

10uy= , ʛʜʝ 
xexu += 2  ; 

( ) ( )( )xxx exexexuy +Ö+=
¡

+Ö=¡ 21010
9229 . 

 

ʝ) xexy sin2Ö=  ; 

ʈʝʰʝʥʠʝ: 

() ( ) ( )=¡+=
¡

+
¡

=¡ xexxeexexy xxxx sin2 sin2sinsin2sin2 .cos2 sin2sin xexxe xx+  

 

ʇʨʠʤʝʨ 2. 

ʅʘʡʪʠ ¡y : 

 

ʘ) 02 222 =-+ xyxy . 

ʈʝʰʝʥʠʝ: 



 

ʌʫʥʢʮʠʷ )(xyy=  ʚ ʧʨʠʤʝʨʝ ʟʘʜʘʥʘ ʥʝʷʚʥʦ. ʏʪʦʙʳ ʥʘʡʪʠ ʝʝ ʧʨʦʠʟʚʦʜʥʫʶ 

ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʦʙʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʧʦ x, ʧʦʣʘʛʘʷ, ʯʪʦ ʫ ʝʩʪʴ ʬʫʥʢʮʠʷ ʦʪ ʭ ʠ 

ʦʙʦʟʥʘʯʘʷ ʧʨʦʠʟʚʦʜʥʫʶ ʫ ʯʝʨʝʟ y¡: 

02242 2 =-¡+Ö+¡ xyxyxyy . 

ɺʳʨʘʟʠʤ ʠʟ ʧʦʣʫʯʝʥʥʦʛʦ ʨʘʚʝʥʩʪʚʘ y¡: 

( ) xyxyxy 4222 2 -=¡+ ; 

222

42

xy

xyx
y

+

-
=¡ . 

 

ʙ) xeyy += 24cos . 

ʈʝʰʝʥʠʝ: 

ɸʥʘʣʦʛʠʯʥʦ ʧʨʝʜʳʜʫʱʝʤʫ ʧʨʠʤʝʨʫ: 
xeyyyy +¡=¡Ö- 8sin ; 

( ) xeyyy =¡-- 8sin ; 

yy

e
y

x

8sin +

-
=¡ . 

 

ʚ) 
í
ì
ë

=

+=

.cos

,32

ty

tx
 

ʈʝʰʝʥʠʝ: 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ 
t

t

x

y
y

¡

¡
=¡ . 

( )

( ) t

t

t

t
y

2

sin

3

cos

2

-
=
¡

+

¡

=¡ . 

 

ʇʨʠʤʝʨ 3. 

ʅʘʡʪʠ  
2

2

dx

yd
: 

 

ʘ) ( )xy cosln= ; 

ʈʝʰʝʥʠʝ: 

( ) tgx
x

x
x

xdx

dy
y -=

-
=
¡

Ö==¡
cos

sin
cos

cos

1
; 

( ) .
cos

1
22

2

x
tgxy

dx

yd
-=

¡
-=¡¡=  

 

 

ʙ) xxey= . 

ʈʝʰʝʥʠʝ: 

,xx xeey +=¡  

.2 xxxxx xeexeeey +=++=¡¡  

 

ʇʨʠʤʝʨ 4. 



 

ʅʘʡʪʠ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ y  , ʝʩʣʠ ö
÷

õ
æ
ç

å
=

x

x
y

sin
ln . 

 

ʈʝʰʝʥʠʝ: 

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʩʚʦʡʩʪʚʦʤ ʣʦʛʘʨʠʬʤʘ ʯʘʩʪʥʦʛʦ ʜʣʷ ʫʧʨʦʱʝʥʠʷ ʬʦʨʤʫʣʳ: 

( ) xxy lnsinln -= . 

ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ dxydy Ö¡= . 

( )
x

ctgx
xx

x

x
x

x
y

11

sin

cos1
sin

sin

1
-=-=-

¡
=¡ ; 

.
1

dx
x

ctgxdy ö
÷

õ
æ
ç

å
-=  

 

ʇʨʠʤʝʨ 5. 

ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʠ ʥʦʨʤʘʣʠ ʢ ʢʨʠʚʦʡ 84 23 +-= xxy  ʚ ʪʦʯʢʝ ʩ 

ʘʙʩʮʠʩʩʦʡ 10 =x . 

 

ʈʝʰʝʥʠʝ: 

ʅʘʡʜʝʤ ʦʨʜʠʥʘʪʫ ʪʦʯʢʠ ʢʘʩʘʥʠʷ: 

5814184 232

0

3

00 =+Ö-=+-= xxy . 

ʋʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ ʢʘʩʘʪʝʣʴʥʦʡ ʨʘʚʝʥ ʟʥʘʯʝʥʠʶ ʧʨʦʠʟʚʦʜʥʦʡ ʚ ʪʦʯʢʝ 0x : 

5)243()84()(
1

2

1

23

0 -=Ö-=¡+-=¡=
== xx

xxxxxyk . 

ʇʦʜʩʪʘʚʣʷʝʤ ʟʥʘʯʝʥʠʷ 00 , yx  ʠ )( 0xy¡  ʚ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ 

))(( 000 xxxfyy -¡+= : 

105)1(55 +-=--= xxy , 

ʧʦʣʫʯʠʣʠ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ 105 +-= xy . 

ʇʦʜʩʪʘʚʣʷʝʤ ʟʥʘʯʝʥʠʷ 00 , yx  ʠ )( 0xy¡  ʚ ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʠ )(
)(

1
0

0

0 xx
xf

yy -
¡

-= : 

5

24

5

1
)1(

5

1
5 +=-
-
-= xxy , 

ʧʦʣʫʯʠʣʠ ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʠ 
5

24

5

1
+= xy . 

 

 

ʊɽʄɸ 3. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ  

2. ʀʩʩʣʝʜʦʚʘʥʠʝ ʬʫʥʢʮʠʡ. 

 

1. ʌʫʥʢʮʠʷ, ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ.  

2. ʅʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʥʥʦʡ ʥʘ ʦʛʨʘʥʠʯʝʥʥʦʤ 

ʧʨʦʤʝʞʫʪʢʝ.  

 

ʉʇʀʉʆʂ ʃʀʊɽʈɸʊʋʈʓ 

 

1. ɹʫʛʨʦʚ ʗ.ʉ., ʅʠʢʦʣʴʩʢʠʡ ʉ.ʄ. ɺʳʩʰʘʷ ʤʘʪʝʤʘʪʠʢʘ: ʋʯʝʙ.ʜʣʷ ʚʫʟʦʚ:ʚ 3ʪ.-5-ʝ ʠʟʜ.,ʩʪʝʨ.-

ʄ.:ɼʨʦʬʘ .- (ɺʳʩʰʝʝ ʦʙʨʘʟʦʚʘʥʠʝ. ʉʦʚʨʝʤʝʥʥʳʡ ʫʯʝʙʥʠʢ).ʪ.2. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ 

ʠʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ.-2014.-509 ʩ. 

2. ʇʠʩʢʫʥʦʚ ʅ.ʉ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ ʠʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ: ʋʯʝʙ. ʧʦʩʦʙʠʝ: ʚ 2-ʭ ʪ.- 

ʀʟʜ. ʩʪʝʨ. ïʄ.: ʀʥʪʝʛʨʘʣ ï ʇʨʝʩʩ. ʊ.1. -2011.- 415 ʩ. 



 

3. ʌʠʭʪʝʥʛʦʣʴʮ ɻ.ʄ. ʂʫʨʩ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʠ ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʠʩʯʠʩʣʝʥʠʷ. ʋʯʝʙ. ʜʣʷ 
ʚʫʟʦʚ: ʚ 3-ʭ ʪʦʤʘʭ. ï 8-ʝ ʠʟʜ.-ʄ.: ʌʠʟʤʘʪʣʠʪ. ʪ.1 ï 2011. -697 ʩ. 

4. ɹʝʨʤʘʥ ɻ.ʅ. ʉʙʦʨʥʠʢ ʟʘʜʘʯ ʧʦ ʢʫʨʩʫ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ: ʋʯʝʙ. ʧʦʩʦʙʠʝ. -22-ʝ 

ʠʟʜ., ʧʝʨʝʨʘʙ.- ʉʇʙ: ʇʨʦʬʝʩʩʠʷ, 2014.-432 ʩ. 

5. ʂʫʜʨʷʚʮʝʚ ʃ.ɼ. ʂʫʨʩ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ. ʋʯʝʙ. ʜʣʷ ʚʫʟʦʚ: ɺ 3-ʭ ʪʦʤʘʭ. ï 5-ʝ 

ʠʟʜ., ʧʝʨʝʨʘʙ. ʠ ʜʦʧ. ïʄ.: ɼʨʦʬʘ. ʊ.1. ï 2014.-703 ʩ. 

6. ʀʣʴʠʥ ɺ.ɸ., ʇʦʟʥʷʢ ʕ.ɻ. ʆʩʥʦʚʳ  ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ. ʋʯʝʙ. ʜʣʷ ʚʫʟʦʚ ʚ 2-ʭ 

ʯʘʩʪʷʭ. ï 6-ʝ ʠʟʜ. ʩʪʝʨ. ïʄ. ʌʠʟʤʘʪʣʠʪ, 2012, -646 ʩ. 

7. ɼʘʥʢʦ ʇ.ɽ. ʠ ʜʨ. ɺʳʩʰʘʷ ʤʘʪʝʤʘʪʠʢʘ ʚ ʫʧʨʘʞʥʝʥʠʷʭ ʠ ʟʘʜʘʯʘʭ (ʩ ʨʝʰʝʥʠʷʤʠ): ʚ 2 ʯ./ 
ɼʘʥʢʦ ʇ.ɽ., ʇʦʧʦʚ ɸ.ɻ., ʂʦʞʝʚʥʠʢʦʚʘ ʊ.ʗ.-6-ʝ ʠʟʜ..-ʄ.: ʆʅʀʂʉ 21 ʚʝʢ, ʯ.2. -2012.-416 

ʩ. 

 

 

ʇʨʠʤʝʨ 1.  

 

ʅʘʡʪʠ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ 33 xxy -=  ʥʘ ʦʪʨʝʟʢʝ [ ].3;0  

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ ʜʦʩʪʠʛʘʝʪ ʥʘʠʙʦʣʴʰʝʛʦ ʠ ʥʘʠʤʝʥʴʰʝʛʦ ʟʥʘʯʝʥʠʷ ʣʠʙʦ ʚ ʢʨʠʪʠʯʝʩʢʠʭ 

ʪʦʯʢʘʭ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʟʘʜʘʥʥʦʤʫ ʦʪʨʝʟʢʫ, ʣʠʙʦ ʥʘ ʢʦʥʮʘʭ ʵʪʦʛʦ ʦʪʨʝʟʢʘ. ʅʘʡʜʝʤ 

ʢʨʠʪʠʯʝʩʢʠʝ ʪʦʯʢʠ (ʪ.ʝ. ʪʦʯʢʠ ʚ ʢʦʪʦʨʳʭ  ʧʨʦʠʟʚʦʜʥʘʷ ʨʘʚʥʘ ʥʫʣʶ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ): 

( )22 1333 xxy -=-=¡  

0=¡y   ʧʨʠ  ]3;0[1Í=x   ʠ  ]3;0[1Î-=x  

ʅʘʡʜʝʤ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʵʪʠʭ ʪʦʯʢʘʭ ʠ ʥʘ ʢʦʥʮʘʭ ʦʪʨʝʟʢʘ 

() () () 183;00;21 -=== yyy  

ɺʳʙʝʨʝʤ ʠʟ ʧʨʝʜʣʦʞʝʥʥʳʭ ʟʥʘʯʝʥʠʡ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ. 

ʀʪʘʢ, ʥʘʠʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʥʘ ʟʘʜʘʥʥʦʤ ʦʪʨʝʟʢʝ ʨʘʚʥʦ 2 ʠ ʜʦʩʪʠʛʘʝʪʩʷ ʧʨʠ 1=x , 

2)1( =ʥʘʠʙy , ʘ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ ʨʘʚʥʦ -18 ʧʨʠ 3=x , .18)3( -=ʥʘʠʤy  

ʇʨʠʤʝʨ 2. 

ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ  
( )
( )2

3

14

2

-

+
=

x

x
y  ʠ ʧʦʩʪʨʦʠʪʴ ʝʝ ʛʨʘʬʠʢ. 

ʈʝʰʝʥʠʝ.  

 

ʆʙʱʘʷ ʩʭʝʤʘ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʡ: 

 

1. ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ. 

2. ʀʩʩʣʝʜʦʚʘʪʴ ʧʦʚʝʜʝʥʠʝ ʬʫʥʢʮʠʠ ʥʘ ʢʦʥʮʘʭ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ. ʅʘʡʪʠ ʪʦʯʢʠ ʨʘʟʨʳʚʘ 

ʬʫʥʢʮʠʠ ʠ ʝʝ ʦʜʥʦʩʪʦʨʦʥʥʠʝ ʧʨʝʜʝʣʳ ʚ ʵʪʠʭ ʪʦʯʢʘʭ. ʅʘʡʪʠ ʚʝʨʪʠʢʘʣʴʥʳʝ ʘʩʠʤʧʪʦʪʳ. 

3. ɺʳʷʩʥʠʪʴ, ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʷ ʯʝʪʥʦʡ, ʥʝʯʝʪʥʦʡ, ʧʝʨʠʦʜʠʯʝʩʢʦʡ. 

4. ʅʘʡʪʠ ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʩ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ ʠ ʠʥʪʝʨʚʘʣʳ 

ʟʥʘʢʦʧʦʩʪʦʷʥʩʪʚʘ ʬʫʥʢʮʠʠ. 

5. ʅʘʡʪʠ ʥʘʢʣʦʥʥʳʝ ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ. 

6. ʅʘʡʪʠ ʪʦʯʢʠ ʵʢʩʪʨʝʤʫʤʘ ʠ ʠʥʪʝʨʚʘʣʳ ʚʦʟʨʘʩʪʘʥʠʷ ʠ ʫʙʳʚʘʥʠʷ ʬʫʥʢʮʠʠ. 

7. ʅʘʡʪʠ ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʠ ʠʥʪʝʨʚʘʣʳ ʝʛʦ ʚʳʧʫʢʣʦʩʪʠ ʠ ʚʦʛʥʫʪʦʩʪʠ. 

8. ʇʦʩʪʨʦʠʪʴ ʩʭʝʤʘʪʠʯʝʩʢʠʡ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ, ʠʩʧʦʣʴʟʫʷ ʚʩʝ ʧʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ. 

 

1. ʌʫʥʢʮʠʷ ʥʝ ʦʧʨʝʜʝʣʝʥʘ, ʝʩʣʠ )1(,01 ==- xx  

    ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ: ( )( )¤Ç¤-Í ;11;x  

2. ʊ.ʢ. 1=x - ʪʦʯʢʘ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ ʠʩʩʣʝʜʫʝʤ ʧʦʚʝʜʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʵʪʦʡ ʪʦʯʢʝ ʩʣʝʚʘ ʠ 

ʩʧʨʘʚʘ 



 

( )
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( )
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+

+¤=
-

+

+

-
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2
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,
14

2
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x

x

x

x

x

x

 

ʊ.ʢ. ʧʨʝʜʝʣʳ ʨʘʚʥʳ ¤ʟʥʘʯʠʪ 1=x  ʪʦʯʢʘ ʨʘʟʨʳʚʘ ʚʪʦʨʦʛʦ ʨʦʜʘ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʷʤʘʷ 1=x - ʚʝʨʪʠʢʘʣʴʥʘʷ ʘʩʠʤʧʪʦʪʘ. 

3. ʇʨʦʚʝʨʠʤ ʬʫʥʢʮʠʶ ʥʘ ʯʝʪʥʦʩʪʴ, ʥʝʯʝʪʥʦʩʪʴ. ʅʘʧʦʤʥʠʤ, ʯʪʦ ʬʫʥʢʮʠʷ )(xfy=  

ʥʘʟʳʚʘʝʪʩʷ ʯʝʪʥʦʡ (ʥʝʯʝʪʥʦʡ) ʝʩʣʠ ʚʳʧʦʣʥʝʥʳ ʜʚʘ ʫʩʣʦʚʠʷ: 

1. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ 

2. )).()(()()( xfxfxfxf -=-=-   

ɽʩʣʠ )(xfy=  ʯʝʪʥʘʷ, ʪʦ  ʛʨʘʬʠʢ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ ʦʨʜʠʥʘʪ, ʘ ʜʣʷ ʥʝʯʝʪʥʦʡ 

ï ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ. 
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ʌʫʥʢʮʠʷ ʥʝ ʷʚʣʷʝʪʩʷ ʥʠ ʯʝʪʥʦʡ, ʥʠ ʥʝʯʝʪʥʦʡ,  ʪ.ʝ. ʦʙʱʝʛʦ ʚʠʜʘ. 

ʌʫʥʢʮʠʷ ʥʝ ʷʚʣʷʝʪʩʷ ʧʝʨʠʦʜʠʯʝʩʢʦʡ 

4. ʅʘʡʜʝʤ ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʩ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ 
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    ʅʘʡʜʝʤ ʧʨʦʤʝʞʫʪʢʠ ʟʥʘʢʦʧʦʩʪʦʷʥʩʪʚʘ ʬʫʥʢʮʠʠ 
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5. ʅʘʡʜʝʤ ʥʘʢʣʦʥʥʳʝ ʘʩʠʤʧʪʦʪʳ  ,bkxy +=  ʛʜʝ 
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ɼʣʷ -¤x  k ʠ b ʚʳʯʠʩʣʷʶʪʩʷ ʘʥʘʣʦʛʠʯʥʦ 

6. ʅʘʡʜʝʤ ʪʦʯʢʠ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ ʠ ʧʨʦʤʝʞʫʪʢʠ ʤʦʥʦʪʦʥʥʦʩʪʠ. 

ɺʦʟʨʘʩʪʘʥʠʝ ʠ ʫʙʳʚʘʥʠʝ ʬʫʥʢʮʠʠ )(xfy=  ʭʘʨʘʢʪʝʨʠʟʫʝʪʩʷ ʟʥʘʢʦʤ ʝʝ ʧʨʦʠʟʚʦʜʥʦʡ 

y¡: ʝʩʣʠ ʚ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ 0>¡y , ʪʦ ʚ ʵʪʦʤ ʠʥʪʝʨʚʘʣʝ ʬʫʥʢʮʠʷ ʚʦʟʨʘʩʪʘʝʪ, ʘ ʝʩʣʠ 

0<¡y , ʪʦ ʬʫʥʢʮʠʷ ʫʙʳʚʘʝʪ ʚ ʵʪʦʤ ʠʥʪʝʨʚʘʣʝ.  

ʌʫʥʢʮʠʷ )(xfy=  ʤʦʞʝʪ ʠʤʝʪʴ ʵʢʩʪʨʝʤʫʤ ʪʦʣʴʢʦ ʚ ʪʝʭ ʪʦʯʢʘʭ, ʢʦʪʦʨʳʝ 

ʧʨʠʥʘʜʣʝʞʘʪ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʚ ʢʦʪʦʨʳʭ ʝʝ ʧʨʦʠʟʚʦʜʥʘʷ ʨʘʚʥʘ ʥʫʣʶ ʠʣʠ ʥʝ 

ʩʫʱʝʩʪʚʫʝʪ. ɽʩʣʠ y¡ ʤʝʥʷʝʪ ʟʥʘʢ ʩ ñ+ò ʥʘ ñ-ò ʧʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʠʩʩʣʝʜʫʝʤʫʶ ʪʦʯʢʫ, ʪʦ 



 

ʵʪʘ ʪʦʯʢʘ ʤʘʢʩʠʤʫʤʘ, ʝʩʣʠ y¡ ʤʝʥʷʝʪ ʟʥʘʢ ʩ ñ-ò ʥʘ ñ+ò ʧʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʠʩʩʣʝʜʫʝʤʫʶ 

ʪʦʯʢʫ, ʪʦ ʵʪʘ ʪʦʯʢʘ ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ  ʤʠʥʠʤʫʤʘ. ɽʩʣʠ y¡ ʥʝ ʤʝʥʷʝʪ ʟʥʘʢ ʧʨʠ ʧʝʨʝʭʦʜʝ 

ʯʝʨʝʟ ʪʦʯʢʫ 0x , ʚ ʵʪʦʡ ʪʦʯʢʝ ʵʢʩʪʨʝʤʫʤʘ ʥʝʪ. 

ʅʘʡʜʝʤ ʚʩʝ ʪʦʯʢʠ ʠʟ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ )(xfy= , ʚ ʢʦʪʦʨʳʭ 

ʧʨʦʠʟʚʦʜʥʘʷ )(y¡ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʦʣʴ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ. 
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ʉʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ 

 

x  ( )2;-¤-  -2 ( )1;2-  1 ( )7;1  7 ( )¤+;7  

y¡ + 0 + ʥʝ ʩʫʱʝʩʪʚʫʝʪ - 0 + 

y  

 

0 

 

ʥʝ ʩʫʱʝʩʪʚʫʝʪ 
 

5º  

 
 ʚʦʟʨʘʩʪʘʝʪ  ʚʦʟʨʘʩʪʘʝʪ  ʫʙʳʚʘʝʪ min ʚʦʟʨʘʩʪʘʝʪ 

 

ʌʫʥʢʮʠʷ ʚʦʟʨʘʩʪʘʝʪ ʥʘ ʠʥʪʝʨʚʘʣʘʭ ( )2;-¤- , ( )1;2- ,  ( )¤+;7  ʠ ʫʙʳʚʘʝʪ ʥʘ ʠʥʪʝʨʚʘʣʝ  

( )7;1 . ʊʦʯʢʘ 7=x  ʝʩʪʴ ʪʦʯʢʘ ʤʠʥʠʤʫʤʘ 
144

729
)7(min ==yy  

7. ʅʘʡʜʝʤ ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ ʠ ʧʨʦʤʝʞʫʪʢʠ ʚʳʧʫʢʣʦʩʪʠ ʠ ʚʦʛʥʫʪʦʩʪʠ ʬʫʥʢʮʠʠ 

 ʅʘʧʦʤʥʠʤ, ʯʪʦ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ )(xfy=  ʥʘʟʳʚʘʝʪʩʷ ʚʳʧʫʢʣʳʤ ʥʘ ʠʥʪʝʨʚʘʣʝ 

);( ba , ʝʩʣʠ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʵʪʦʛʦ ʠʥʪʝʨʚʘʣʘ ʛʨʘʬʠʢ ʣʝʞʠʪ ʥʠʞʝ ʣʶʙʦʡ ʩʚʦʝʡ ʢʘʩʘʪʝʣʴʥʦʡ. 

ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ )(xfy=  ʥʘʟʳʚʘʝʪʩʷ ʚʦʛʥʫʪʳʤ ʥʘ ʠʥʪʝʨʚʘʣʝ );( ba , ʝʩʣʠ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ 

ʵʪʦʛʦ ʠʥʪʝʨʚʘʣʘ ʛʨʘʬʠʢ ʣʝʞʠʪ ʚʳʰʝ ʣʶʙʦʡ ʩʚʦʝʡ ʢʘʩʘʪʝʣʴʥʦʡ. 

 
 

 ʊʦʯʢʠ, ʚ ʢʦʪʦʨʳʭ ʬʫʥʢʮʠʷ ʤʝʥʷʝʪ ʚʳʧʫʢʣʦʩʪʴ ʥʘ ʚʦʛʥʫʪʦʩʪʴ ʠʣʠ ʥʘʦʙʦʨʦʪ, 

ʥʘʟʳʚʘʶʪʩʷ ʪʦʯʢʘʤʠ ʧʝʨʝʛʠʙʘ. 

 ʇʝʨʝʛʠʙ ʚʦʟʤʦʞʝʥ ʚ ʪʦʯʢʘʭ, ʚ ʢʦʪʦʨʳʭ y¡¡ ʨʘʚʥʘ ʥʫʣʶ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ. ɽʩʣʠ 

0<¡¡y  ʥʘ ʠʥʪʝʨʚʘʣʝ );( ba , ʪʦ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʚʳʧʫʢʣʳʤ )(Æ  ʥʘ ʵʪʦʤ 

ʠʥʪʝʨʚʘʣʝ, ʝʩʣʠ ʞʝ 0>¡¡y , ʪʦ ʥʘ ʠʥʪʝʨʚʘʣʝ );( ba  ʛʨʘʬʠʢ ʚʦʛʥʫʪʳʡ )(Ç . 

 

ɺʳʧʫʢʣʳʡ ʛʨʘʬʠʢ ɺʦʛʥʫʪʳʡ ʛʨʘʬʠʢ 

x x 
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y y 



 

ʅʘʡʜʝʤ ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ :)(xfy=  
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ʉʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ  

 

x  ( )2;-¤-  -2 ( )1;2-  1 ( )¤+;1  

y¡¡ - 0 + ʥʝ ʩʫʱʝʩʪʚʫʝʪ + 

y  Æ 0 Ç ʥʝ ʩʫʱʝʩʪʚʫʝʪ Ç 

 

ʊʦʯʢʘ ( )0;2- - ʪʦʯʢʘ ʧʝʨʝʛʠʙʘ. 

ɼʦʧʦʣʥʠʪʝʣʴʥʳʝ ʪʦʯʢʠ: 

( )
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( ) 3,06
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y
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8. ʇʦʩʪʨʦʠʤ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ, ʠʩʧʦʣʴʟʫʷ ʨʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ. 

 

 

 

 
 

 

 

 

ɿʘʤʝʯʘʥʠʝ: 

ʇʨʠ ʧʦʩʪʨʦʝʥʠʠ ʛʨʘʬʠʢʘ ʤʘʩʰʪʘʙʳ ʧʦ ʦʩʠ OX ʠ OY ʤʦʛʫʪ ʥʝ ʩʦʚʧʘʜʘʪʴ. 
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ʊɽʄɸ 4. ʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ. 

 

ʇʨʠ ʨʝʰʝʥʠʠ ʟʘʜʘʯ ʵʪʦʡ ʪʝʤʳ ʥʝʦʙʭʦʜʠʤʦ ʟʥʘʪʴ: 

 

1. ʆʧʨʝʜʝʣʝʥʠʝ ʠ ʩʚʦʡʩʪʚʘ ʥʝʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ.  

2. ʊʘʙʣʠʮʫ ʦʩʥʦʚʥʳʭ ʠʥʪʝʛʨʘʣʦʚ. 

3. ʆʩʥʦʚʥʳʝ ʤʝʪʦʜʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ.  

4. ʉʪʘʥʜʘʨʪʥʳʝ ʤʝʪʦʜʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʘʠʙʦʣʝʝ ʯʘʩʪʦ ʚʩʪʨʝʯʘʶʱʠʭʩʷ ʢʣʘʩʩʦʚ 
ʬʫʥʢʮʠʡ.  

5. ʆʧʨʝʜʝʣʝʥʠʝ, ʩʚʦʡʩʪʚʘ ʠ ʩʧʦʩʦʙʳ ʚʳʯʠʩʣʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

6. ʅʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ ʠ ʠʭ ʩʚʦʡʩʪʚʘ.  

7. ɻʝʦʤʝʪʨʠʯʝʩʢʠʝ ʠ ʬʠʟʠʯʝʩʢʠʝ ʧʨʠʣʦʞʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

 

ʊʘʙʣʠʮʘ ʦʩʥʦʚʥʳʭ ʠʥʪʝʛʨʘʣʦʚ 
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ʉʇʀʉʆʂ ʃʀʊɽʈɸʊʋʈʓ 
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ʩ)  ñ
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4 22 2323

3

xx
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. 

ʇʨʦʠʟʚʝʜʝʤ ʟʘʤʝʥʫ:  .
2

1
3,6,23 2 dtxdxxdxdttx ===-  

ʇʦʣʫʯʠʤ: ñ =
+4

2
1

tt

dt
 

ʅʘʠʤʝʥʴʰʝʝ ʦʙʱʝʝ ʢʨʘʪʥʦʝ ʟʥʘʤʝʥʘʪʝʣʝʡ ʜʨʦʙʝʡ 
2

1
 ʠ 

4

1
 ʝʩʪʴ 4, ʧʦʵʪʦʤʫ ʚʚʝʜʝʤ 

ʩʣʝʜʫʶʱʫʶ ʟʘʤʝʥʫ:  
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{ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʦʚ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʳ (1) ʠ (3)}  

;23ln22321ln22
4 24 2 CxxCzz +---=++-=  

 

ʪ)    ñ dxxx 5cos3cos . 

ʅʘʡʜʝʤ ʠʥʪʝʛʨʘʣ, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 

( ) ( )( ) ( )( ) ( )xxxxxxxxxx 8cos2cos
2

1
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2

1
53cos53cos

2

1
5cos3cos +=+-=++-=Ö  

ʀʥʪʝʛʨʠʨʫʷ ʧʦʯʣʝʥʥʦ ʧʦʣʫʯʝʥʥʦʝ ʨʘʚʝʥʩʪʚʦ ʠ ʧʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ (6), ʧʦʣʫʯʠʤ: 

( ) ( ) ( ) ;2sin
4

1
8sin

16

1
2sin

2

1

2

1
8sin

8

1

2

1
2cos8cos

2

1
CxxCxxdxxx +--=+-Ö+-Ö=+ñ  

 

 

ʫ)   ( )ñ ñ ñ =ö
÷

õ
æ
ç

å-
=
ý
ü
û

í
ì
ë -

=== dx
xx

xdxxdxx

2
2224

2

2cos1

2

2cos1
sinsinsin  

      ñ ñ =ö
÷

õ
æ
ç

å +
+-=

ý
ü
û

í
ì
ë +

==
+-

= dx
x

x
x

xdx
xx

2

4cos1
2cos21

4

1

2

4cos1
2cos

4

2cos2cos21 2
2
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{ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʦʚ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʳ (1) ʠ (6)}  
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{ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʘ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ (7)}  

.1arctgarctg 2 CeCt x +-=+=  

 

 

ɿʘʜʘʥʠʝ 2: ɺʳʯʠʩʣʠʪʴ ʥʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ ʠʣʠ ʫʩʪʘʥʦʚʠʪʴ ʠʭ ʨʘʩʭʦʜʠʤʦʩʪʴ. 
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ʈʝʰʝʥʠʝ: 

 

ʘ)  ʅʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ I ʨʦʜʘ. 
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{ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʘ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ (2)}  
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   -   ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

 

ʙ)  ʅʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ II  ʨʦʜʘ. 

4=x  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʨʘʟʨʳʚʘ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ, ʧʦʵʪʦʤʫ: 
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{ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʘ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ (8)}  
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x
    -   ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

 

ɿʘʜʘʥʠʝ 3: ɺʳʯʠʩʣʠʪʴ: 

ʘ)   ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ: 2xy=  ʠ  22 xy -= ; 

ʙ)  ʜʣʠʥʫ ʜʫʛʠ ʢʨʠʚʦʡ: 

 
( )
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p¢¢
í
ì
ë
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t

ty

ttx
0                     

cos13

sin3
, 

ʚ) ʦʙʲʝʤ ʪʝʣʘ, ʧʦʣʫʯʝʥʥʦʛʦ ʚʨʘʱʝʥʠʝʤ ʬʠʛʫʨʳ p¢¢== xyxy 0   ;0   ;sin , ʚʦʢʨʫʛ ʦʩʠ  

Ox .    

     

ʈʝʰʝʥʠʝ: 

ʘ)    ʉʫʱʝʩʪʚʫʶʪ ʥʝʩʢʦʣʴʢʦ ʬʦʨʤʫʣ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʧʣʦʱʘʜʝʡ ʧʣʦʩʢʠʭ ʬʠʛʫʨ. 

 

Á ʇʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʟʘʜʘʥʥʦʡ ʚ ʜʝʢʘʨʪʦʚʦʡ 

ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

()xfy 1=  - ʩʚʝʨʭʫ, ()xfy 2=  - ʩʥʠʟʫ, ʩʣʝʚʘ ʧʨʷʤʦʡ 

ax= , ʩʧʨʘʚʘ ʧʨʷʤʦʡ bx=  ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʬʦʨʤʫʣʦʡ   () ()[ ]ñ -=
b

a

dxxfxfS 21    (14); 

 

 

Á ʇʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ  ʢʨʠʚʦʡ 

ʟʘʜʘʥʥʦʡ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠ ʫʨʘʚʥʝʥʠʷʤʠ 
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ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ  () ()ñ ¡Ö=

b

a

dttxtyS  (15); 

 

 

Á ʇʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʟʘʜʘʥʥʦʡ ʚ ʧʦʣʷʨʥʦʡ ʩʠʩʪʝʤʝ 

ʢʦʦʨʜʠʥʘʪ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ ()jrr=  ʠ ʣʫʯʘʤʠ 

aj= , bj= , ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ: 

()ñ=
b

a

jjr dS 2

2

1
 (16). 

 

ɺ ʥʘʰʝʤ ʩʣʫʯʘʝ ʣʠʥʠʠ, ʦʛʨʘʥʠʯʠʚʘʶʱʠʝ ʬʠʛʫʨʫ, ʟʘʜʘʥʳ ʚ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪʘʭ, 

ʧʦʵʪʦʤʫ ʤʳ ʙʫʜʝʤ ʠʩʧʦʣʴʟʦʚʘʪʴ ʬʦʨʤʫʣʫ (14). 

 

ʅʘʡʜʝʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʣʠʥʠʡ: Ý
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ʙ) ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʩʧʦʩʦʙʘ ʟʘʜʘʥʠʷ ʫʨʘʚʥʝʥʠʷ ʢʨʠʚʦʡ ʩʫʱʝʩʪʚʫʶʪ ʩʣʝʜʫʶʱʠʝ ʬʦʨʤʫʣʳ 

ʥʘʭʦʞʜʝʥʠʷ ʜʣʠʥʳ ʜʫʛʠ ʢʨʠʚʦʡ. 

 

Á ɼʣʷ ʢʨʠʚʦʡ, ʟʘʜʘʥʥʦʡ ʚ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪʘʭ 

ʫʨʘʚʥʝʥʠʝʤ ()xfy=   [ ]bax ;Í  ʜʣʠʥʘ ʜʫʛʠ ʥʘʭʦʜʠʪʩʷ 

ʧʦ ʬʦʨʤʫʣʝ ()( )ñ ¡+=
b

a
AB dxxfl

2
1  (17); 

 

 

 

 

Á ɼʣʷ ʢʨʠʚʦʡ, ʟʘʜʘʥʥʦʡ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠ 

ʫʨʘʚʥʝʥʠʷʤʠ () [ ]( )baxxfy ;, Í=  Ú  
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 ʜʣʠʥʘ ʜʫʛʠ ʥʘʭʦʜʠʪʩʷ ʧʦ ʬʦʨʤʫʣʝ 

()( ) ()( )ñ ¡+¡=
b

a

dttytxl AB
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 (18); 

 

Á ɼʣʷ ʢʨʠʚʦʡ, ʟʘʜʘʥʥʦʡ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ 

ʫʨʘʚʥʝʥʠʝʤ ()jrr=  [ ]baj ;Í  ʜʣʠʥʘ ʜʫʛʠ ʥʘʭʦʜʠʪʩʷ 

ʧʦ ʬʦʨʤʫʣʝ () ()( )ñ ¡+=
b

a

jjrjr dl AB
22  (19). 

 

 

 

ɺ ʥʘʰʝʤ ʩʣʫʯʘʝ ʢʨʠʚʘʷ ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠ, 

ʧʦʵʪʦʤʫ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʝʸ ʜʣʠʥʳ ʤʳ ʧʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ (18). 
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ʚ)  ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()xfy=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʦʪʨʝʟʢʝ [ ]bax ;Í . ʊʦʛʜʘ ʦʙʲʸʤ ʪʝʣʘ, 

ʧʦʣʫʯʝʥʥʦʛʦ ʚʨʘʱʝʥʠʝʤ ʚʦʢʨʫʛ ʦʩʠ Ox  

ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʚʝʨʭʫ 

ʛʨʘʬʠʢʦʤ ʬʫʥʢʮʠʠ ()xfy= , ʩʥʠʟʫ Ox , 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ:  ()ñ=
b

a

x dxxfV 2p  (20). 

 

 

 

ɽʩʣʠ ʢʨʠʚʦʣʠʥʝʡʥʘʷ ʪʨʘʧʝʮʠʷ ʦʛʨʘʥʠʯʝʥʥʘ 

ʛʨʘʬʠʢʦʤ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ ()yx j=   ʠ 

ʧʨʷʤʳʤʠ 0=x , cy= , dy=  ( )dc< , ʪʦ  ʦʙʲʸʤ 

ʪʝʣʘ, ʦʙʨʘʟʦʚʘʥʥʦʛʦ ʚʨʘʱʝʥʠʝʤ ʵʪʦʡ ʪʨʘʧʝʮʠʠ 

ʚʦʢʨʫʛ ʦʩʠ Oy, ʧʦ ʘʥʘʣʦʛʠʠ ʩ ʬʦʨʤʫʣʦʡ (20), 

ʨʘʚʝʥ:  ()ñ=
d

c

y dyyV 2jp  (21). 

 

 

ɺ ʫʩʣʦʚʠʷʭ ʥʘʰʝʡ ʟʘʜʘʯʠ xy sin= , 0=a , p=b . 
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ʊɽʄɸ 5. ʌʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ 

1. ʌʅʇ. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ, ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 

 ɹʝʨʤʘʥ ɻ.ʅ. : ˉ 2983, 2987, 2991, 3039, 3004, 3006,  

 3043,3046, 50, 59, 76, 3088, 3126, 3130, 3135. 

  

 ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʡ: 
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  ˊ 

  0 x  

y  

 d 

  c 

()yx j=

   



 

1.4. 
22

22

0

0

11
lim

yx

yx

y

x +

-+




; 1.5. .

)(

)cos(1
lim

22

22

0

0 xyyx

yx

y

x +

+-




 

 ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ:  

1.6. .
u

v

v

u
z +=  1.7. ).ln( 22 yxxz ++=  1.8. .yxz=  

1.9. .ln
y

x
tgz=  1.10. .xyzu=  1.11. 

xy

xy
z

+

-
=

1

1
2  . 

 ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ: 

1.12. .sinsinsin 222 zyxu ++=  ʅʘʡʪʠ 
z

u

µ

µ
 ʧʨʠ .

4
,0,0
p
=== zyx  

1.13. .4,3),arcsin( 3tytxyxz ==-= ʅʘʡʪʠ .
dt

dz
 

1.14. .),( xeyxyarctgz ==  ʅʘʡʪʠ .
dx

dz
 

1.15. .)(

22

22 xy

yx

eyxz

+

Ö+=  ʅʘʡʪʠ .,, dz
y

z

x

z

µ

µ

µ

µ
 

 

 

2. ʇʨʦʠʟʚʦʜʥʳʝ ʥʝʷʚʥʦ ʠ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠ ʟʘʜʘʥʥʳʭ ʬʫʥʢʮʠʡ; ʧʨʦʠʟʚʦʜʥʳʝ ʚʳʩʰʠʭ 

ʧʦʨʷʜʢʦʚ. 

 

 ɹʝʨʤʘʥ ɻ.ʅ. : ˉ 3139, 3128, 3145, 47, 51, 64, 3101, 111, 115, 181, 189,171. 

 

2.1. ).sin(sinsin xyFxu -+=  ʋʙʝʜʠʪʴʩʷ, ʯʪʦ yxy
x

u
x

y

u
coscoscoscos Ö=

µ

µ
+

µ

µ
 ʧʨʠ .F"  

2.2. ??;23;;ln2 =
µ

µ
=

µ

µ
-===

v

z

u

z
vuy

v

u
xyxz  

 

 ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ 
dx

dy
 ʦʪ ʬʫʥʢʮʠʡ, ʟʘʜʘʥʥʳʭ ʥʝʷʚʥʦ: 

2.3. .433 axyyx =-  2.4. .0=-+ xyxy eyexe  2.5. .ln ayxy =-  

2.6. ??.0 =
µ

µ
=

µ

µ
=-

y

z

x

z
xyzez

 

2.7.  ʅʘʡʪʠ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ: .243342 yxyxyxz +-=   

2.8.  ʅʘʡʪʠ ʟʥʘʯʝʥʠʝ ʧʦʣʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ xyez=   

 ʧʨʠ ;1.0;15.0;1;1 =D=D== yxyx  

2.9.  ʇʦʜʩʯʠʪʘʪʴ ʧʨʠʙʣʠʞʝʥʥʦ 02.204.1 , 
22 )93.2()05.4( + . 

2.10. .5 5323 yxyxyxz +-+=  ʇʦʢʘʟʘʪʴ, ʯʪʦ .
22

xy

z

yx

z

µµ

µ
=

µµ

µ
 

2.11. ???.
2

22

2

2

=
µ

µ
=

µµ

µ
=

µ

µ
=

y

z

yx

z

x

z
ez

yxe
 

2.12. ?;,
2

,
2

2222

=Ö=
-

=
+

= dzvuz
vu

y
vu

x  



 

 

3. ʇʨʠʣʦʞʝʥʠʝ ʧʨʦʠʟʚʦʜʥʳʭ. ʂʘʩʘʪʝʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ ʠ ʥʦʨʤʘʣʴ ʢ ʧʦʚʝʨʭʥʦʩʪʠ. 

ʕʢʩʪʨʝʤʫʤ ʌʅʇ. ʅʘʠʙʦʣʴʰʝʝ, ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ. 

 ɹʝʨʤʘʥ ɻ.ʅ.: ˉ 3411, 3417, 3259, 3270, 3272, 3275, 3279, 3281, 73. 

 

ʅʘʡʪʠ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʠ ʥʦʨʤʘʣʠ ʚ ʪʦʯʢʝ: 

3.1. ).1,1,1(ʪʦʯʢʝʚxyz=  

3.2. ).1,1,1(014443 3234 ʪʦʯʢʝʚxzxyzzyx =+-+-  

ʅʘʡʪʠ ʩʪʘʮʠʦʥʘʨʥʳʝ ʪʦʯʢʠ ʬʫʥʢʮʠʠ: 

3.3. .52 2223 yxxyxz ++++=   

3.4. .072222555 222 =----++ yzxzxyzyx  z ï ʟʘʜʘʥʦ ʥʝʷʚʥʦ. 

3.5. ʅʘʡʪʠ ʪʦʯʢʠ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ .)(4 22 yxyxz ---=  

3.6. ʋʙʝʜʠʪʴʩʷ, ʯʪʦ ʧʨʠ ;2;2 == yx  ʠ ʧʨʠ ;2;2 -=-= yx  ʬʫʥʢʮʠʷ 
2244 242 yxyxyxz ---+=  ʠʤʝʝʪ ʤʠʥʠʤʫʤ. 

3.7. ʅʘʡʪʠ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ 22 yxz -=   

 ʚ ʢʨʫʛʝ .422 ¢+yx  

3.8. ʅʘʡʪʠ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ )4(2 yxyxz --=   

 ʚ ʪʨʝʫʛʦʣʴʥʠʢʝ .6;0;0 =+== yxyx  

3.9. ʅʘʡʪʠ ʪʦʯʢʠ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ .122 +-+++= yxyxyxz  

ʂʦʥʪʨʦʣʴʥʘʷ ʨʘʙʦʪʘ ʧʦ ʪʝʤʝ: çʌʅʇè. 

 

 

ʊɽʄɸ 6. ʆʙʳʢʥʦʚʝʥʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

1. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ.  

2. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ.  

 

ʉʇʀʉʆʂ ʃʀʊɽʈɸʊʋʈʓ 

 

1. ɼʝʤʠʜʦʚʠʯ ɹ. ʇ., ʄʦʜʝʥʦʚ ɺ. ʇ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ: ʋʯʝʙʥʦʝ ʧʦʩʦʙʠʝ. - ʉʇʙ.: 

ʀʚʘʥ ʌʝʜʦʨʦʚ, 2014. - 287 ʩ. 

2. ʉʪʝʧʘʥʦʚ ɺ. ɺ. ʂʫʨʩ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ: ʋʯʝʙ. ʜʣʷ ʚʫʟʦʚ. - 8-ʝ ʠʟʜ., ʩʪʝʨ. - ʄ.: 

ɽʜʠʪʦʨʠʘʣ ʋʈʉʉ, 2013. - 486 ʩ. 

3. ʄʘʪʚʝʝʚ ʅ. ʄ. ʉʙʦʨʥʠʢ ʟʘʜʘʯ ʠ ʫʧʨʘʞʥʝʥʠʡ ʧʦ ʦʙʳʢʥʦʚʝʥʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ 

ʫʨʘʚʥʝʥʠʷʤ: ʋʯʝʙ. ʧʦʩʦʙʠʝ. - 7-ʝ ʠʟʜ., ʜʦʧ. - ʉʇʙ.: ʃʘʥʴ, 2012. - 431 ʩ. 

4. ʇʠʩʢʫʥʦʚ ʅ.ʉ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ ʠʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ: ʋʯʝʙ. ʧʦʩʦʙʠʝ: ʚ 2-ʭ ʪ.- 

ʀʟʜ. ʩʪʝʨ. ïʄ.: ʀʥʪʝʛʨʘʣ ï ʇʨʝʩʩ. ʊ.1. -2011.- 415 ʩ. ʊ.2.- 2012.- 544 ʩ. 

 

 

ɿʘʜʘʥʠʝ 1. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

 

ʘ) ( ) ( ) 0=+++ dyxxydxyxy . 

ʈʝʰʝʥʠʝ. ʇʦʧʳʪʘʝʤʩʷ ʨʘʟʜʝʣʠʪʴ ʧʝʨʝʤʝʥʥʳʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ɼʣʷ ʵʪʦʛʦ ʚʳʥʝʩʝʤ 

ʟʘ ʩʢʦʙʢʠ ʦʙʱʠʡ ʤʥʦʞʠʪʝʣʴ:( ) ( ) 011 =+++ dyyxdxxy , ʨʘʟʥʝʩʝʤ ʩʣʘʛʘʝʤʳʝ: 

( ) ( )1 1y x dx x y dy+ =- +; ʚʳʨʘʞʘʷ 
dy

dx
 ʠʟ ʧʦʣʫʯʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʫʙʝʜʠʤʩʷ ʚ ʪʦʤ, 



 

ʯʪʦ () ()1 2

dy
f x f y

dx
=  ʠ, ʟʥʘʯʠʪ, ʥʘʰʝ ʫʨʘʚʥʝʥʠʝ ʷʚʣʷʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ 

ʚ ʨʘʟʜʝʣʷʶʱʠʭʩʷ ʧʝʨʝʤʝʥʥʳʭ. ʈʘʟʜʝʣʠʤ ʧʝʨʝʤʝʥʥʳʝ. 
1 1

1 1dx dy
x y

å õå õ
+ =- +æ öæ ö

ç ÷ ç ÷
. 

ʇʨʦʠʥʪʝʛʨʠʨʫʝʤ ʧʦʣʫʯʠʚʰʝʝʩʷ ʚʳʨʘʞʝʥʠʝ ʧʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʧʝʨʝʤʝʥʥʳʤ: 

dy
y

dx
x öö

÷

õ
ææ
ç

å
+-=ö

÷

õ
æ
ç

å
+ ññ 1

1
1

1
. 

ʇʦʣʫʯʠʤ Cyyxx lnlnln +--=+ , Ý Cexy yx lnlnln =+ + . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʳ ʫʙʝʜʠʣʠʩʴ ʚ ʪʦʤ, ʯʪʦ Cxye yx =+  - ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʟʘʜʘʥʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ. 

ʆʪʚʝʪ: Cxye yx =+ . 

 

 

 

ʙ) y
x

y
xyx +=¡ sin . 

ʈʝʰʝʥʠʝ. ʋʙʝʜʠʤʩʷ ʚ ʪʦʤ, ʯʪʦ ʧʝʨʝʤʝʥʥʳʝ ʨʘʟʜʝʣʠʪʴ ʥʝ ʫʜʘʝʪʩʷ. ʇʦʵʪʦʤʫ ʧʦʜʝʣʠʤ 

ʦʙʝ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʷ ʥʘ x. 

x

y

x

y
y +=¡ sin - ʋʙʝʜʠʤʩʷ ʚ ʪʦʤ, ʯʪʦ ʧʨʦʠʟʚʦʜʥʘʷ 

dy

dx
 ʚ ʧʨʝʜʩʪʘʚʣʝʥʥʦʤ ʫʨʘʚʥʝʥʠʠ ʟʘʚʠʩʠʪ 

ʪʦʣʴʢʦ ʦʪ ʦʪʥʦʰʝʥʠʷ 
y

x
, ʪʦ ʝʩʪʴ

dy y
F

dx x

å õ
= æ ö
ç ÷

 ʠ, ʟʥʘʯʠʪ, ʵʪʦ ʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ 1-ʛʦ ʧʦʨʷʜʢʘ. ɹʫʜʝʤ ʨʝʰʘʪʴ ʝʛʦ ʩ ʧʦʤʦʱʴʶ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʟʘʤʝʥʳ. 

ɺʚʝʜʝʤ ʥʦʚʫʶ ʧʝʨʝʤʝʥʥʫʶ UxUyU
x

y
+¡=¡= ; . 

UUUxU +=+¡ sin ; 

UxU sin=¡ ; 

x

dx

U

dU
=

sin
; ʧʨʦʠʥʪʝʛʨʠʨʫʝʤ ʚʳʨʘʞʝʥʠʝ 

 

x

dx

U

dU
ññ =

sin
; 

Cx
U

tg lnln
2

ln += ; 

Cx
U

tg =
2

; 

Cx
x

y
tg =

2
; 

arctgxCxy Ö=2  - ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ. 

ʆʪʚʝʪ: arctgxCxy Ö=2 . 

 

ʚ)
x

ytgxy
cos

1
=+¡ . 

ʈʝʰʝʥʠʝ. ʅʘʯʠʥʘʝʤ ʚʥʦʚʴ ʩ ʧʨʦʚʝʨʢʠ ʥʝ ʨʘʟʜʝʣʷʪʩʷ ʣʠ ʧʝʨʝʤʝʥʥʳʝ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ʋʙʝʞʜʘʝʤʩʷ, ʯʪʦ ʵʪʦ ʥʝ ʪʘʢ, ʠ, ʢʨʦʤʝ ʪʦʛʦ, ʦʜʥʦʨʦʜʥʳʤ ʦʥʦ ʪʦʞʝ ʥʝ 

ʚ̫ʣʷʝʪʩʷ. ʕʪʦ ʣʠʥʝʡʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 1-ʛʦ ʧʦʨʷʜʢʘ, ʪʘʢ ʢʘʢ ʠʤʝʝʪ 



 

ʩʪʨʫʢʪʫʨʫ ʚʠʜʘ: () () ()P x y Q x y F x¡+ = . ɹʫʜʝʤ ʨʝʰʘʪʴ ʝʛʦ ʩ ʧʦʤʦʱʴʶ ʩʪʘʥʜʘʨʪʥʦʡ ʚ 

ʵʪʦʤ ʩʣʫʯʘʝ, ʟʘʤʝʥʳ: ;y UV y U V V U¡ ¡ ¡= Ý = + . 

x
UVtgxUVVU

cos

1
=+¡+¡ ; 

x
VtgxVUVU

cos

1
)( =+¡+¡ ; 

0=+¡VtgxV ; 

tgxdx
V

dV
-= ; 

xV coslnln = ; 

xV cos= ; 

x
xU

cos

1
cos =¡ ; 

dx
x

dU
2cos

1
= ; 

CtgxU += ; 

( )Ctgxxy +=cos - ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ. 

ʆʪʚʝʪ: ( )Ctgxxy +=cos . 

 

ɿʘʜʘʥʠʝ 2. ʅʘʡʪʠ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ 1)0(;1)0(;32 2 =¡==-¡+¡¡ yyeyyy x
. 

ʈʝʰʝʥʠʝ.  
xeyyy 232 =-¡+¡¡  -  ʥʝʦʜʥʦʨʦʜʥʦʝ ʣʠʥʝʡʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʥɹʦʝ 

ʫʨʘʚʥʝʥʠʝ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 2-ʦʛʦ ʧʦʨʷʜʢʘ. ʈʝʰʝʥʠʝ ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ 

ʩʫʤʤʳ ʨʝʰʝʥʠʡ: ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ y  ʠ ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ 

ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 
*y , ʢʦʪʦʨʦʝ ʙʫʜʝʤ ʠʩʢʘʪʴ ʧʦ ʚʠʜʫ ʧʨʘʚʦʡ ʯʘʩʪʠ. ʅʘʯʥʝʤ ʩ 

ʦʪʳʩʢʘʥʠʷ y . 

032 =-¡+¡¡ yy  ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: 3;1;032 21

2 -===-+ kkkk  

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: xx eCeCy 3

21

-+= . 

*y  ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ 
xeA 2Ö . 

*y - ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ, ʧʦʵʪʦʤʫ ʦʥʦ ʧʨʝʚʨʘʱʘʝʪ 

ʝʛʦ ʚ ʚʝʨʥʦʝ ʯʠʩʣʦʚʦʝ ʪʦʞʜʝʩʪʚʦ. ʇʦʜʩʪʘʚʠʤ ʝʛʦ ʚ ʫʨʘʚʥʝʥʠʝ ʠ ʚʯrʠʩʣʠʤ ɸ. 

( ) ( )* 2 * 22 ; 4x xy Ae y Ae
¡ ±
= = . 

2,0344 2222 =Ý=-+ AeAeAeAe xxxx
. ɿʥʘʯʠʪ 

xey 2* 2,0= . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʦʙɦ ʝʝ 

ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ xxx eeCeCyyy 23

21

* 2,0++=+= - . ɼʣʷ ʚʯrʠʩʣʝʥʠʷ 

ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ ʦʧʨʝʜʝʣʠʤ ʟʥʘʯʝʥʠʷ ʢʦʥʩʪʘʥʪ ʠʩʭʦʜʷ ʠʟ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ: 
xxx eeCeCy 23

21 2,0++= -
; ;4,03 23

21

xxx eeCeCy +-=¡ - 1)0(;1)0( =¡= yy ; 
0*20*3

2

0

1 2,01 eeCeC ++= -
; ;4,031 0*20*3

2

0

1 eeCeC +-= -
 

í
ì
ë

=

=


í
ì
ë

+-=

++=

05.0

75.0

4,031

2,01

2

1

21

21

C

C

CC

CC
 

ʆʪʚʝʪ: 
xxx eeey 23 2,005.075.0 ++= -
. 

 



 

ɿʘʜʘʥʠʝ 3. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ
í
ì
ë

--=¡

+-=¡

yxy

yxx

52

7
. 

ʈʝʰʝʥʠʝ. ʉʚʝʜʝʤ ʧʨʝʜʣʦʞʝʥʥʫʶ ʩʠʩʪʝʤʫ ʢ ʦʜʥʦʤʫ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʤʫ 

ʫʨʘʚʥʝʥʠʶ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. ɼʣʷ ʵʪʦʛʦ 

ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ ʩʠʩʪʝʤʳ ʧʦ t: 

yxx ¡+¡-=¡¡ 7  ʠ ʟʘʤʝʥʠʤ y¡  ʚʦʩʧʦʣʴʟʦʚʘʚʰʠʩʴ ʜʣʷ ʵʪʦʛʦ ʚʪʦʨʳʤ ʫʨʘʚʥʝʥʠʝʤ ʩʠʩʪʝʤʳ: 

xxyyxxx 7,527 +¡=--¡-=¡¡ . ʆʢʦʥʯʘʪʝʣʴʥʦ ( )xxxxx 7527 +¡--¡-=¡¡ . 

03712 =+¡+¡¡ xxx - ʦʜʥʦʨʦʜʥʦʝ ʣʠʥʝʡʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʩ ʧʦʩʪʦ̫ ʥʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ikkk °-==++ 6;02712 2,1

2  

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʝʰʝʥʠʝ: ( )tCtCetx t sincos)( 21

6 += - . ʀʟ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ xxy 7+¡= , 

ʧʦʵʪʦʤʫ  ( ) ( ) ( )tCtCetCtCetCtCey ttt sincos7cossinsincos6 21

6

21

6

21

6 +++-++-= --- ; 

( ) ( )( )ttCttCey t sincossincos 21

6 ++-= - . 

ʆʪʚʝʪ: ( )tCtCetx t sincos)( 21

6 += - ; ( ) ( )( )ttCttCey t sincossincos 21

6 ++-= - .  

 

ɿʘʜʘʥʠʝ 4. ɿʘʧʠʩʘʪʴ ʫʨʘʚʥʝʥʠʝ ʢʨʠʚʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʫ( )0,1A , ʜʣʷ 

ʢʦʪʦʨʦʡ ʪʨʝʫʛʦʣʴʥʠʢ, ʦʙʨʘʟʦʚʘʥʥʳʡ ʦʩʴʶ ʆʫ, ʢʘʩʘʪʝʣʴʥʦʡ ʢ ʢʨʠʚʦʡ ʚ ʧʨʦʠʟʚʦʣʴʥʦʡ ʝʸ 

ʪʦʯʢʝ ʠ ʨʘʜʠʫʩ-ʚʝʢʪʦʨʦʤ ʪʦʯʢʠ ʢʘʩʘʥʠʷ, ʨʘʚʥʦʙʝʜʨʝʥʥʳʡ (ʧʨʠʯʝʤ ʦʩʥʦʚʘʥʠʝʤ ʝʛʦ ʩʣʫʞʠʪ 

ʦʪʨʝʟʦʢ ʢʘʩʘʪʝʣʴʥʦʡ ʦʪ ʪʦʯʢʠ ʢʘʩʘʥʠʷ ʜʦ ʦʩʠ ʆʫ). 

ʈʝʰʝʥʠʝ. ʇʫʩʪʴ ()f x  ʠʩʢʦʤʦʝ ʫʨʘʚʥʝʥʠʝ ʢʨʠʚʦʡ. ʇʨʦʚʝʜʝʤ ʢʘʩʘʪʝʣʴʥʫʶ MN ʚ 

ʧʨʦʠʟʚʦʣʴʥʦʡ ʪʦʯʢʝ M(x;y) ʢʨʠʚʦʡ ʜʦ ʧʝʨʝʩʝʯʝʥʠʷ ʩ ʦʩʴʶ ʆʫ ʚ ʪʦʯʢʝ N. ʉʦʛʣʘʩʥʦ 

ʫʩʣʦʚʠʶ, ʜʦʣʞʥʦ ʚʳʧʦʣʥʷʪʴʩʷ ʨʘʚʝʥʩʪʚʦON OM= , ʥʦ 2 2OM x y= + , ʘ ON  ʥʘʡʜʝʤ 

ʠʟ ʫʨʘʚʥʝʥʠʷ ( )Y y y X x¡- = -, ʧʦʣʘʛʘʷ X=0, ʪʦ ʝʩʪʴy ON y xy¡= = - . 

ʀʪʘʢ, ʧʨʠʭʦʜʠʤ ʢ ʦʜʥʦʨʦʜʥʦʤʫ ʫʨʘʚʥʝʥʠʶ 
2 2x y y xy¡+ = - .  

ʇʦʣʘʛʘʷ y=tx (yô=tôx+t), ʧʦʣʫʯʠʤ 
21

dt dx

xt
=-

+
 ʠʣʠ ( )2ln 1 ln lnt t C x+ + = -, ʦʪʢʫʜʘ 

( )2 2x C C y= -  ï ʜʘʥʥʦʝ ʨʝʰʝʥʠʝ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʝʤʝʡʩʪʚʦ ʧʘʨʘʙʦʣ, ʦʩʴʶ ʢʦʪʦʨʳʭ 

ʷʚʣʷʝʪʩʷ ʦʩʴ ʆʫ. 

ʆʧʨʝʜʝʣʠʤ ʟʥʘʯʝʥʠʝ ʢʦʥʩʪʘʥʪʳ  ʉ ʠʩʭʦʜʷ ʠʟ ʪʦʛʦ, ʯʪʦ ʢʨʠʚʘʷ ʧʨʦʭʦʜʠʪ ʯʝʨʝʟ ʪʦʯʢʫ 

( )0,1A . ʇʦʜʩʪʘʚʣʷʷ ʢʦʦʨʜʠʥʘʪʳ ʟʘʜʘʥʥʦʡ ʪʦʯʢʠ ʚ ʚʳʰʝʥʘʡʜʝʥʥʦʝ ʦʙʱʝʝ ʨʝʰʝʥʠʝ, 

ʧʦʣʫʯʠʤ ( )0 2C C= -; ʠʟ ʜʚʫʭ ʟʥʘʯʝʥʠʡ ʉ=0 ʠ ʉ=2 ʥʘʩ ʫʩʪʨʘʠʚʘʝʪ ʣʠʰʴ ʚʪʦʨʦʝ, ʪʘʢ ʢʘʢ 

ʧʨʠ ʉ=0 ʧʘʨʘʙʦʣʘ ʦʢʘʟʳʚʘʝʪʩʷ ʚʳʨʦʞʜʝʥʥʦʡ. ʀʪʘʢ, ʠʩʢʦʤʦʝ ʨʝʰʝʥʠʝ 

( ) ( )2 2 2 2 4 1x y y= - = -, ʠʣʠ 21 / 4y x= - . 

ʆʪʚʝʪ: 
21 / 4y x= - . 

 

ɿʘʜʘʥʠʝ 5. 

 

ʘ) ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 2y x¡¡= . 

 ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʧʨʦʠʟʚʦʜʥʘʷ ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ, ʟʘʚʠʩʷʱʝʡ 

ʪʦʣʴʢʦ ʦʪ ʧʝʨʝʤʝʥʥʦʡ x, ʪʦ ʝʛʦ ʨʝʰʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʦ ʚ ʨʝʟʫʣʪɹʘʪʝ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʛʦ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ: 
2 3 4

1 1 2/ 3 /12y x y x C y x C x C¡¡ ¡= Ý = + Ý = + +. 



 

 ʆʪʚʝʪ. 
4

1 2/12y x C x C= + +. 

ʙ) ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ()2yyyx ¡=¡+¡¡ . 

ʈʝʰʝʥʠʝ. ʇʦʩʢʦʣʴʢʫ ʜʘʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʥʝ ʩʦʜʝʨʞʠʪ ʚ ʷʚʥʦʤ ʚʠʜʝ ʧʝʨʝʤʝʥʥʦʡ y , 

ʪʦ ʟʘʤʝʥʘ ()y p x¡=  ()y p x¡¡ ¡=  ʧʦʟʚʦʣʷʝʪ ʧʨʝʦʙʨʘʟʦʚʘʪʴ ʝʛʦ ʚ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ 

ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ 2xp p p¡+ = . 

,,
2

2

x

dx

pp

dp
pp

dx

dp
x =

-
-=  

1 12

0,5 0,5
, ln ln ln ln

0,5 0,5

dp dx p
x C C x

x pp p

- -
= = + =

- +-ñ ñ ; 

( )1 2

1 1 1

1 1 1
1 1, , ln

1

dy
p C x y x C

dx C x C C
- = = =- - +

-
. ʋʯʪʷ, ʯʪʦ 1C  ï ʧʨʦʠʟʚʦʣʴʥʘʷ 

ʧʦʩʪʦʷʥʥʘʷ, ʪʦ ʧʦʣʫʯʝʥʥʦʝ ʨʝʰʝʥʠʝ ʤʦʞʥʦ ʫʧʨʦʩʪʠʪʴ: 
1 1 2lny C x C C= + +. 

ʆʪʚʝʪ. 
1 1 2lny C x C C= + +. 

 

ʚ) ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ( )
2

y y¡¡ ¡= . 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʨʝʰʘʝʤʦʝ ʫʨʘʚʥʝʥʠʝ ʥʝ ʩʦʜʝʨʞʠʪ ʷʚʥʦ ʧʝʨʝʤʝʥʥʦʡ x, ʙʫʜʝʤ 

ʧʦʣʫʯʘʪʴ ʝʛʦ ʨʝʰʝʥʠʝ ʩ ʧʦʤʦʱʴʶ ʚʚʝʜʝʥʠʷ ʥʦʚʦʡ ʧʝʨʝʤʝʥʥʦʡ ()y p y¡= , ʦʪʢʫʜʘ 

yy p p¡¡ ¡= , ʪʘʢ ʢʘʢ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʤʳ ʚʳʯʠʩʣʷʝʤ ʧʨʦʠʟʚʦʜʥʫʶ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ. ɿʘʜʘʥʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʚ ʨʝʟʫʣʴʪʘʪʝ ʪʘʢʦʡ ʟʘʤʝʥʳ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 2

yp p p¡= . ʈʝʰʝʥʠʝ 0p=  ʷʚʣʷʝʪʩʷ 

ʦʩʦʙʳʤ, ʠ, ʜʝʣʘʷ ʦʙʨʘʪʥʫʶ ʟʘʤʝʥʫ ʚ ʵʪʦʡ ʩʠʪʫʘʮʠʠ, ʟʘʧʠʰʝʤ: 0y y C const¡= Ý = = . 

ʆʩʪʘʚʰʝʝʩʷ ʫʨʘʚʥʝʥʠʝ yp p¡=  ʷʚʣ̫ʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʚ ʨʘʟʜʝʣʷʶʱʠʭʩʷ ʧʝʨʝʤʝʥʥʳʭ: 

y

dp dp
p p p dy

dy p
¡= Ý = Ý =. ʀʥʪʝʛʨʠʨʫʷ ʧʦʩʣʝʜʥʝʝ ʨʘʚʝʥʩʪʚʦ, ʧʦʣʫʯʠʤ 1ln p y C= + . 

ɺʳʨʘʟʠʤ ʪʝʧʝʨʴ ʬʫʥʢʮʠʶ p : 1 1

1

y C Cy yp e e e e C+
= = = . ɼʝʣʘʷ ʚʥʦʚʴ ʦʙʨʘʪʥʫʶ ʟʘʤʝʥʫ 

()y p y¡= , ʧʦʣʫʯʠʤ: 1 1

y ydy
y e C e C

dx
¡= Ý = . ɺ ʜʘʥʥʦʤ ʫʨʘʚʥʝʥʠʠ ʤʦʞʥʦ ʨʘʟʜʝʣʠʪʴ 

ʧʝʨʝʤʝʥʥʳʝ: 1 1

y ydy
e C e dy C dx

dx

-= Ý = . ʀʥʪʝʛʨʠʨʫʷ ʧʦʩʣʝʜʥʝʝ ʚʳʨʘʞʝʥʠʝ, ʧʦʣʫʯʠʤ 

1

ye Cx C-- = +. ʇʦʣʫʯʠʚʰʘʷʩʷ ʥʝʷʚʥʘʷ ʬʫʥʢʮʠʷ ʪʘʢʞʝ ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʟʘʜʘʥʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʆʪʚʝʪ. y C const= = ; 1 2

ye C x C- = + . 

ɿʘʜʘʥʠʝ 6. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 
2

21

x

x

e
y y

e
¡¡ ¡- =

-
. 

ʈʝʰʝʥʠʝ. ʇʨʘʚʘʷ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ɺʳʧʠʰʝʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 0y y¡¡ ¡- =. ʊʘʢ ʢʘʢ ʢʦʨʥʷʤʠ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ 
2 0k k- = ʷʚʣʁ̫ʪʩʷ ʯʠʩʣʘ 0, 1k k= =, 

ʪʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʘʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʢʘʢ ʠʟʚʝʩʪʥʦ, ʠʤʝʝʪ ʚʠʜ 1 2

xy C e C= + . ʇʨʘʚʘʷ ʯʘʩʪʴ 

ʠʩʭʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 
2

21

x

x

e

e-
 ʥʝ ʧʦʟʚʦʣʷʝʪ ʥʘʡʪʠ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ 

*y  ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʤʝʪʦʜʦʤ ʧʦʜʙʦʨʘ (ʠʣʠ ʥʝʦʧʨʝʜʝʣʝʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ) ʧʦʵʪʦʤʫ 



 

ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʜʣʷ ʝʛʦ ʥʘʭʦʞʜʝʥʠʷ ʤʝʪʦʜʦʤ ʚʘʨʠʘʮʠʠ ʧʨʦʠʟʚʦʣʴʥʳʭ ʧʦʩʪʦʷʥʥʳʭ. 

ʇʦʵʪʦʤʫ ʙʫʜʝʤ ʠʩʢʘʪʴ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ 
*y  ʚ ʚʠʜʝ: () ()*

1 1 2 2y C x y C x y= + , ʧʨʝʜʧʦʣʘʛʘʷ, 

ʯʪʦ ʟʜʝʩʴ 1 1y =  ʠ 2
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ʩʠʩʪʝʤʳ ʨʝʰʝʥʠʡ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ), ʘ ()
1

C x  ʠ ()
2

C x ʨʝʰʝʥʠʷ ʩʣʝʜʫʶʱʝʡ 

ʩʠʩʪʝʤʳ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ: 
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 ʪʘʢʠʤ ʦʙʨʘʟʦʤ 

1 2

2
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1 0

0
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x
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e
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î
ì
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-í
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ʀʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʳʧʠʰʝʤ ()2
21

x

x

e
C x

e

¡ =
-

. ʇʨʦʠʥʪʝʛʨʠʨʦʚʘʚ, ʧʦʣʫʯʠʤ 

()2
2

arcsin
1

x
x

x

e
C x dx e

e
= =

-
ñ  (ʧʦʩʪʦʷʥʥʫʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʙʫʜʝʤ ʧʦʣʘʛʘʪʴ ʨʘʚʥʦʡ 

ʥʫʣʶ). ʊʝʧʝʨʴ, ʧʦʜʩʪʘʚʣʷʷ ʟʥʘʯʝʥʠʝ ()2C x  ʚ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ ʩʠʩʪʝʤʳ, ʧʦʣʫʯʠʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʜʣʷ ʬʫʥʢʮʠʠ ()1C x : () ()
2

1 2
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x
x
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e
C x C x e
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-

. 

ɺʥʦʚʴ ʠʥʪʝʛʨʠʨʫʷ, ʟʘʧʠʰʝʤ: ()
2
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1
2

1
1

x
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e
C x dx e

e
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-
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʩʭʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ 

() ()* 2

1 21 1 arcsinx x x xy C x C x e e e e= Ö + Ö = - + Ö, ʚʳʧʠʰʝʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 
2

1 2* 1 arcsinx x x xy y y C e C e e e= + = + + - + Ö 

ʆʪʚʝʪ. 
2

1 2 1 arcsinx x x xy C e C e e e= + + - + Ö . 

 

 

 

ʊɽʄɸ 7. ʈʷʜʳ. 

 

1. ʏʠʩʣʦʚʳʝ ʨʷʜʳ.  

2. ʌʫʥʢʮʠʦʥʘʣʴʥʳʝ ʨʷʜʳ.  

3. ʉʪʝʧʝʥʥʳʝ ʨʷʜʳ.  

4. ʇʨʠʣʦʞʝʥʠʷ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʢ ʧʨʠʙʣʠʞʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʷʤ.  

5. ʈʷʜʳ ʌʫʨʴʝ.  
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ʇʨʠʤʝʨ 1. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʯʠʩʣʦʚʳʝ ʨʷʜʳ: 
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ʘ) ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ .
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

 

ʙ) ʇʦʩʢʦʣʴʢʫ ʚ ʟʘʧʠʩʠ ʦʙʱʝʛʦ ʯʣʝʥʘ ʨʷʜʘ ʝʩʪʴ ʧʦʢʘʟʘʪʝʣʴʥʘʷ ʬʫʥʢʮʠʷ n3 , ʪʦ 

ʠʩʧʦʣʴʟʫʝʤ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ.  

ɼʣʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʨʷʜʘ 
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʧʨʠʟʥʘʢʫ ɼʘʣʘʤʙʝʨʘ, ʠʩʭʦʜʥʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʚ) ʊʘʢ ʢʘʢ ʚ ʟʘʧʠʩʠ ʦʙʱʝʛʦ ʯʣʝʥʘ ʨʷʜʘ ʝʩʪʴ ʬʘʢʪʦʨʠʘʣ (!n), ʪʦ ʠʩʧʦʣʴʟʫʝʤ ʧʨʠʟʥʘʢ 

ɼʘʣʘʤʙʝʨʘ. ɼʣʷ ʠʩʩʣʝʜʫʝʤʦʛʦ ʨʷʜʘ 
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ɺ ʧʨʝʜʝʣʝ ʧʦʣʫʯʠʣʠ ʙʝʩʢʦʥʝʯʥʦʩʪʴ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

 

ʛ) ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʨʘʜʠʢʘʣʴʥʳʤ ʧʨʠʟʥʘʢʦʤ ʂʦʰʠ. ɿʜʝʩʴ  .
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ʇʦʣʫʯʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʙʦʣʴʰʝ 1, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

 

ʜ) ʀʩʩʣʝʜʫʝʤ ʜʘʥʥʳʡ ʨʷʜ ʩ ʧʦʤʦʱʴʶ ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʧʨʠʟʥʘʢʘ ʂʦʰʠ. ʉʦʩʪʘʚʠʤ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʠʥʪʝʛʨʘʣ ʠ ʚʳʯʠʩʣʠʤ ʝʛʦ 
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ʀʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʝ) ʉʦʩʪʘʚʠʤ ʨʷʜ, ʵʢʚʠʚʘʣʝʥʪʥʳʡ ʠʩʭʦʜʥʦʤʫ, ʦʩʪʘʚʠʚ ʚ ʯʠʩʣʠʪʝʣʝ ʠ ʟʥʘʤʝʥʘʪʝʣʝ ʣʠʰʴ 

ʩʪʘʨʰʠʝ ʩʪʝʧʝʥʠ n: 
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ʇʦʣʫʯʝʥʥʳʡ ʨʷʜ ʵʢʚʠʚʘʣʝʥʪʝʥ ʠʩʭʦʜʥʦʤʫ, ʪʘʢ ʢʘʢ 

¤̧¸=

+

+

¤

,:lim 0
2

11

2

3

6
113 7

nnn

n

n

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʩʭʦʜʥʳʡ ʨʷʜ ʠ ʨʷʜ ä
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 ʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʭʦʜʥʳʡ ʨʷʜ ʪʘʢʞʝ ʩʭʦʜʠʪʩʷ. 
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, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʭʦʜʥʳʡ ʨʷʜ ʪʘʢʞʝ ʨʘʩʭʦʜʠʪʩʷ. 

 

ʟ) ʆʮʝʥʠʤ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ: 
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ʩʭʦʜʠʪʩʷ. ʊ.ʢ. ʠʟ ʩʭʦʜʠʤʦʩʪʠ ʙʦʣʴʰʝʛʦ ʨʷʜʘ ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʤʝʥʴʰʝʛʦ, ʪʦ ʠʩʭʦʜʥʳʡ 

ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʇʨʠʤʝʨ2. ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 
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ʈʝʰʝʥʠʝ. ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʧʨʠʟʥʘʢʦʤ ɼʘʣʘʤʙʝʨʘ: 
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ʈʷʜ ʩʭʦʜʠʪʩʷ, ʝʩʣʠ 321
2

3
>-Ý<

-
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x
 

32>-x  ʠʣʠ 32 -<-x ; 

5>x  ʠʣʠ 1-<x , 

);();( +¤Ç--¤Í 51x . 

ʈʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʝʩʣʠ ( )51      1
2
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x
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ʅʝʦʧʨʝʜʝʣʝʥʥʳʡ ʩʣʫʯʘʡ: ,1
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-x
 ʪ.ʝ. 5=x  ʠʣʠ 1-=x , 

ʇʫʩʪʴ 5=x : 
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 ʩʭʦʜʠʪʩʷ ʢʘʢ ʵʢʚʠʚʘʣʝʥʪʥʳʡ ʩʭʦʜʷʱʝʤʫʩʷ ʨʷʜʫ. 

ʇʫʩʪʴ 1-=x : 
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ʕʪʦʪ ʨʷʜ ï ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ. ʀʩʩʣʝʜʫʷ ʝʛʦ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʩʭʦʜʠʤʦʩʪʴ (ʨʘʩʩʤʘʪʨʠʚʘʝʤ 

ʨʷʜ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʘʙʩʦʣʶʪʥʳʭ ʚʝʣʠʯʠʥ), ʧʦʣʫʯʠʤ ʨʷʜ ʢʘʢ ʠ ʧʨʠ 5=x , ʘ ʦʥ ʩʭʦʜʠʪʩʷ. ʊ.ʢ. 

ʨʷʜ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʘʙʩʦʣʶʪʥʳʭ ʚʝʣʠʯʠʥ, ʩʭʦʜʠʪʩʷ, ʪʦ ʜʘʥʥʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

 

ʇʦʣʫʯʠʣʠ, ʯʪʦ ][( )+¤Ç-¤- ;; 51  - ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. 
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ʇʨʠʤʝʨ 3. ɺʳʯʠʩʣʠʪʴ ʩ ʪʦʯʥʦʩʪʴʶ 310-=e  ʠʥʪʝʛʨʘʣ ñÖ
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sin dxxx . 

ʈʝʰʝʥʠʝ. ɿʘʧʠʰʝʤ ʨʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʠ xxy sinÖ=  ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ: 
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ɿʘʤʝʪʠʤ, ʯʪʦ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʠʥʪʝʛʨʘʣʘ ʧʦʣʫʯʘʝʤ ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ ʨʷʜ. ʄʳ 

ʦʪʙʨʘʩʳʚʘʝʤ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʚʩʝ ʩʣʘʛʘʝʤʳʝ, ʥʘʯʠʥʘʷ ʩʦ ʩʣʘʛʘʝʤʦʛʦ, ʤʝʥʴʰʝʛʦ ʧʦ 

ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʝ ʟʘʜʘʥʥʦʡ ʪʦʯʥʦʩʪʠ ö
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õ
æ
ç

å
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. 

 

ʇʨʠʤʝʨ 4. ʅʘʡʪʠ ʪʨʠ ʧʝʨʚʳʝ (ʦʪʣʠʯʥʳʝ ʦʪ 0) ʯʣʝʥʘ ʨʘʟʣʦʞʝʥʠʷ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʨʝʰʝʥʠʷ 

ʟʘʜʘʯʠ ʂʦʰʠ 1)0(,2 ==-¡ - yxyey x . 

ʈʝʰʝʥʠʝ.  

ɼʣʷ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʨʝʰʝʥʠʷ ʚ ʚʠʜʝ ʨʷʜʘ ʄʘʢʣʦʨʝʥʘ ʥʝʦʙʭʦʜʠʤʦ ʥʘʡʪʠ ʧʝʨʚʳʝ ʪʨʠ 

ʦʪʣʠʯʥʳʝ ʦʪ ʥʫʣʷ  ʟʥʘʯʝʥʠʷ () () ()2,0,0,0 yyy ¡¡¡ . ʇʦ ʫʩʣʦʚʠʶ ʟʘʜʘʯʠ () .10 =y  ɺʳʨʘʟʠʤ 

ʠʟ ʫʨʘʚʥʝʥʠʷ y¡: 
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ʅʘʡʜʝʤ y¡¡, ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʦʚʘʚ ʦʙʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ()* ʧʦ x : 
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ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʠʤ: 
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1 xxxxy ++=+Ö+= . 
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ʊɽʄɸ 8-9. ʊʝʦʨʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʘʷ ʩʪʘʪʠʩʪʠʢʘ. 

 

1. ʉʣʫʯʘʡʥʳʝ ʩʦʙʳʪʠʷ.  

2. ʉʣʫʯʘʡʥʳʝ ʚʝʣʠʯʠʥʳ.  

3. ʕʣʝʤʝʥʪʳ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʩʪʘʪʠʩʪʠʢʠ.  

 

ʉʇʀʉʆʂ ʃʀʊɽʈɸʊʋʈʓ 

 

1. ɻʤʫʨʤʘʥ ɺ.ɽ. ʊʝʦʨʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʘʷ ʩʪʘʪʠʩʪʠʢʘ. ʋʯʝʙʥʦʝ  ʧʦʩʦʙʠʝ 

ʜʣʷ ʚʫʟʦʚ ï 10-ʝ ʠʟʜʘʥʠʝ, ʩʪʝʨʝʦʪʠʧʥʦʝ ï ʄʦʩʢʚʘ: ɺʳʩʰʘʷ ʰʢʦʣʘ, 2014. - 479 ʩ. 

2. ɻʤʫʨʤʘʥ ɺ.ɽ ʈʫʢʦʚʦʜʩʪʚʦ ʢ ʨʝʰʝʥʠʶ ʟʘʜʘʯ ʧʦ ʪʝʦʨʠʠ ʚʝʨʦʷʪʥʦʩʪʝʡ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ 

ʩʪʘʪʠʩʪʠʢʝ: ʋʯʝʙʥʦʝ ʧʦʩʦʙʠʝ ʜʣʷ ʚʫʟʦʚ.- 9-ʝ ʠʟʜʘʥʠʝ, ʩʪʝʨʝʦʪʠʧʥʦʝ  ï ʄʦʩʢʚʘ: ɺʳʩʰʘʷ 

ʰʢʦʣʘ, 2013.- 404 ʩ. 

3. ʂʦʣʝʤʘʝʚ ɺ.ɸ., ʂʘʣʠʥʠʥʘ ɺ.ʅ. ʊʝʦʨʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʘʷ ʩʪʘʪʠʩʪʠʢʘ: 
ʋʯʝʙʥʠʢ ʜʣʷ ʚʫʟʦʚ ï 2-ʝ ʠʟʜʘʥʠʝ, ʧʝʨʝʨʘʙʦʪʘʥʥʦʝ ʠ ʜʦʧʦʣʥʝʥʥʦʝ  ï ʄʦʩʢʚʘ: ʖʅʀʊʀ, 

2014. -352 ʩ. 

 

 

ɿʘʜʘʯʘ 1. ɹʨʦʩʘʝʪʩʷ 4 ʤʦʥʝʪʳ. ʂʘʢʦʚʘ ʚʝʨʦʷʪʥʦʩʪʴ ʪʦʛʦ, ʯʪʦ ʪʨʠ ʨʘʟʘ ʚʳʧʘʜʝʪ 

çʨʝʰʢʘè? 

ʈʝʰʝʥʠʝ. ʇʦʜʙʨʘʩʳʚʘʥʠʝ ʤʦʥʝʪʳ ʙʫʜʝʤ ʩʯʠʪʘʪʴ ʦʜʥʠʤ ʦʧʳʪʦʤ. ʇʦ ʫʩʣʦʚʠʶ 

ʟʘʜʘʯʠ ʧʨʦʠʟʚʦʜʠʪʩʷ 4 ʦʜʠʥʘʢʦʚʳʭ ʠʩʧʳʪʘʥʠʷ. ɺʝʨʦʷʪʥʦʩʪʴ ʫʩʧʝʭʘ (ʚʳʧʘʜʝʥʠʝ çʨʝʰʢʠè) 

ʚ ʢʘʞʜʦʤ ʠʩʧʳʪʘʥʠʠ ʨʘʚʥʘ 5.01;5.0 =-== pqp . ʊʨʝʙʫʝʪʩʷ ʥʘʡʪʠ, ʯʪʦ ʩʨʝʜʠ 

ʧʨʦʚʝʜʝʥʥʳʭ ʠʩʧʳʪʘʥʠʡ ʙʫʜʝʪ 3=k  ʫʩʧʝʰʥʳʭ. ɼʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʚʦʩʧʦʣʴʟʫʝʤʩʷ 

ʬʦʨʤʫʣʦʡ ʙʠʥʦʤʠʘʣʴʥʦʛʦ ʟʘʢʦʥʘ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʜʠʩʢʨʝʪʥʦʡ ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʳ. 

() knkk

nn qpCkP -= . ɺ ʫʩʣʦʚʠʷʭ ʥʘʰʝʡ ʟʘʜʘʯʠ () 25.05.0*45.05.03 43433

44 === -CP . 

ʆʪʚʝʪ: 0.25. 

 

ɿʘʜʘʯʘ 2. ɺ ʢʚʘʜʨʘʪ ʩʦ ʩʪʦʨʦʥʦʡ 2 ʚʧʠʩʘʥ ʢʚʘʜʨʘʪ, ʚʝʨʰʠʥʳ ʢʦʪʦʨʦʛʦ ʣʝʞʘʪ ʥʘ 

ʩʝʨʝʜʠʥʘʭ ʩʪʦʨʦʥ ʙʦʣʴʰʝʛʦ ʢʚʘʜʨʘʪʘ. ʅʘʡʪʠ ʚʝʨʦʷʪʥʦʩʪʴ ʪʦʛʦ, ʯʪʦ ʥʘʫʜʘʯʫ ʙʨʦʰʝʥʥʘʷ ʚ 

ʙʦʣʴʰʠʡ ʢʚʘʜʨʘʪ ʪʦʯʢʘ ʧʦʧʘʜʝʪ ʚ ʤʘʣʝʥʴʢʠʡ ʢʚʘʜʨʘʪ. 

ʈʝʰʝʥʠʝ. ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʧʦʥʷʪʠʝʤ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʚʝʨʦʷʪʥʦʩʪʠ.  ɹʫʜʝʤ ʠʩʢʘʪʴ 

ʚʝʨʦʷʪʥʦʩʪʴ ʧʦʧʘʜʘʥʠʷ ʚ ʤʝʥʴʰʠʡ ʢʚʘʜʨʘʪ ʢʘʢ ʦʪʥʦʰʝʥʠʝ ʧʣʦʱʘʜʠ ʤʝʥʴʰʝʛʦ ʢʚʘʜʨʘʪʘ ʢ 

ʧʣʦʱʘʜʠ ʙʦʣʴʰʝʛʦ ʢʚʘʜʨʘʪʘ. 
b

m

S

S
P= 5,0

4

2
2;2

2
2 ==== PSS mb . 

ʆʪʚʝʪ: 5,0=P . 

 

ɿʘʜʘʯʘ 3. ʆʧʨʝʜʝʣʠʪʴ ʥʘʜʝʞʥʦʩʪʴ ʩʭʝʤʳ, ʝʩʣʠ Pi ï ʥʘʜʝʞʥʦʩʪʴ i ï ʛʦ   ʵʣʝʤʝʥʪʘ 

 

 
 

ʈʝʰʝʥʠʝ. ʈʘʟʦʙʴʝʤ ʮʝʧʴ ʥʘ ʪʨʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʩʦʝʜʠʥʝʥʥʳʭ ʙʣʦʢʘ. ʀ ʚʯrʠʩʣʠʤ 

ʥʘʜʝʞʥʦʩʪʴ ʢʘʞʜʦʛʦ ʙʣʦʢʘ ʦʪʜʝʣʴʥʦ. ʇʝʨʚʳʡ ʙʣʦʢ ʧʨʦʧʫʩʢʘʝʪ ʵʣʝʢʪʨʠʯʝʩʢʠʡ ʪʦʢ ʚ ʪʨʝʭ 

ʩʣʫʯʘʷʭ: ʝʩʣʠ ʠʩʧʨʘʚʝʥ ʧʝʨʚʳʡ ʵʣʝʤʝʥʪ ʠ ʥʝʠʩʧʨʘʚʝʥ ʚʪʦʨʦʡ; ʝʩʣʠ ʠʩʧʨʘʚʝʥ ʚʪʦʨʦʡ 

ʵʣʝʤʝʥʪ ʠ ʥʝʠʩʧʨʘʚʝʥ ʧʝʨʚʳʡ; ʠ ʝʩʣʠ ʦʙʘ ʵʣʝʤʝʥʪʘ ʠʩʧʨʘʚʥʳ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʥʘʜʝʞʥʦʩʪʴ 

ʵʪʦʛʦ ʙʣʦʢʘ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʘ ʩʫʤʤʦʡ: ( ) ( ) 211221 11 pppppp +-+- . ʆʜʥʘʢʦ ʧʨʦʱʝ 



 63 

ʥʘʜʝʞʥʦʩʪʴ ʵʪʦʛʦ ʵʣʝʤʝʥʪʘ ʚʳʯʠʩʣʠʪʴ ʯʝʨʝʟ ʚʝʨʦʷʪʥʦʩʪʴ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʛʦ ʩʦʙʳʪʠʷ. 

ɺʳʯʠʩʣʠʤ ʚʝʨʦʷʪʥʦʩʪʴ ʪʦʛʦ, ʯʪʦ ʙʣʦʢ ʥʝ ʧʨʦʧʫʩʢʘʝʪ ʪʦʢ ʠ ʥʘʜʝʞʥʦʩʪʴ ʥʘʡʜʝʤ ʧʦ ʬʦʨʤʫʣʝ 

ʚʝʨʦʷʪʥʦʩʪʠ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʛʦ ʩʦʙʳʪʠʷ. ɹʣʦʢ ʥʝ ʠʩʧʨʘʚʝʥ ʪʦʣʴʢʦ ʚ ʩʣʫʯʘʝ ʢʦʛʜʘ ʠ 

ʧʝʨʚʳʡ ʠ ʚʪʦʨʦʡ ʵʣʝʤʝʥʪʳ ʥʝʠʩʧʨʘʚʥʳ: ( )( )21 11 pp -- , ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʘʜʝʞʥʦʩʪʴ ʙʣʦʢʘ 

ʤʦʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥʘ ʢʘʢ ʨʘʟʥʦʩʪʴ: ( )( )21 111 pp --- . ɸʥʘʣʦʛʠʯʥʦ ʚʳʯʠʩʣʷʝʪʩʷ 

ʥʘʜʝʞʥʦʩʪʴ ʚʪʦʨʦʛʦ ʙʣʦʢʘ: ( )( )43 111 pp --- . ʊʝʧʝʨʴ, ʟʥʘʷ ʥʘʜʝʞʥʦʩʪʠ ʪʨʝʭ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʩʦʝʜʠʥʝʥʥʳʭ ʙʣʦʢʦʚ, ʚʳʯʠʩʣʠʤ ʥʘʜʝʞʥʦʩʪʴ ʮʝʧʠ ʚ ʮʝʣʦʤ. ʉʭʝʤʘ 

ʧʨʦʧʫʩʢʘʝʪ ʪʦʢ ʪʦʣʴʢʦ ʝʩʣʠ ʚʩʝ ʪʨʠ ʙʣʦʢʘ ʠʩʧʨʘʚʥʳ, ʪʦ ʝʩʪʴ ʥʘʜʝʞʥʦʩʪʴ ʩʭʝʤʳ: 

( )( )( ) ( )( ) 54321 )111(111 ppppp ------ . 

ʆʪʚʝʪ: ( )( )( ) ( )( ) 54321 )111(111 ppppp ------ . 

 

ɿʘʜʘʯʘ 4. ɼʘʥ ʨʷʜ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʜʠʩʢʨʝʪʥʦʡ ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʳ Y. ʆʧʨʝʜʝʣʠʪʴ 

ʟʥʘʯʝʥʠʝ x ʠ ʚʳʯʠʩʣʠʪʴ ʤʘʪʝʤʘʪʠʯʝʩʢʦʝ ʦʞʠʜʘʥʠʝ ʜʠʩʢʨʝʪʥʦʡ ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʳ Y. 

Y 5 6 7 10 

p  0,1 0,1 x 0,3 

ʈʝʰʝʥʠʝ.  ʅʘʡʜʝʤ ʟʥʘʯʝʥʠʝ x ʠʟ ʫʩʣʦʚʠʷ 5,013,01,01,0,1
1

=Ý=+++=ä
=

xxp
n

i

i . 

ɿʥʘʷ x, ʩʪʘʥʦʚʠʪʩʷ ʚʦʟʤʦʞʥʳʤ ʚʳʯʠʩʣʝʥʠʝ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʞʠʜʘʥʠʷ. 

6,73,0*105,0*71,0*61,0*5)(
1

=+++==ä
=

n

i

ii pYYM  

ʆʪʚʝʪ: .6,7)(;5,0 == YMx  

 

ɿʘʜʘʯʘ 5. ʅʘʡʪʠ ʜʦʚʝʨʠʪʝʣʴʥʳʡ ʠʥʪʝʨʚʘʣ ʜʣʷ ʦʮʝʥʢʠ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʞʠʜʘʥʠʷ m 

ʥʦʨʤʘʣʴʥʦʛʦ ʟʘʢʦʥʘ ʩ ʥʘʜʝʞʥʦʩʪʴʶ 0.95; ʟʥʘʷ ʚʳʙʦʨʦʯʥʫʶ ʩʨʝʜʥʶʶ 

75,17; 36; 6X n s= = =. 

ʈʝʰʝʥʠʝ. ʇʦʩʪʨʦʠʪʴ ʜʦʚʝʨʠʪʝʣʴʥʳʡ ʠʥʪʝʨʚʘʣ ʩ ʜʦʚʝʨʠʪʝʣʴʥʦʡ ʚʝʨʦʷʪʥʦʩʪʴʶ 

1 2g= - d ʜʣʷ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʞʠʜʘʥʠʷ m ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʳ ʤʦʞʥʦ 

ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

.X XX U m X U
n n

d d
s s

- ¢ ¢ +  

ʇʨʠ ʥʘʜʝʞʥʦʩʪʠ g=0,95 ʥʘʡʜʝʤ ʪʘʙʣʠʯʥʦʝ ʟʥʘʯʝʥʠʝ 6,1=dU  ʠ ʟʘʧʠʰʝʤ ʚʨrʘʞʝʥʠʝ, 

ʧʦʜʩʪʘʚʠʚ ʟʥʘʯʝʥʠʷ ʠʟ ʫʩʣʦʚʠʷ ʟʘʜʘʯʠ: 

36

6
96.117,75

36

6
96,117,75 +¢¢- m , 

13,7721,73 ¢¢m . 

ʆʪʚʝʪ: 13,7721,73 ¢¢m . 

 

 




































































































